S C FACULTADE DE MATEMATICAS

UNIVERSIDADE

DE SANTIAGO
DE COMPOSTELA

Master Thesis

Lie—Rinehart Algebras

Xabier Garcia Martinez

2012/2013

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA

FACULTADE DE CIENCIAS DO PORTO







MASTER DEGREE IN MATHEMATICS

Master Thesis

Lie—Rinehart Algebras

Xabier Garcia Martinez

July, 2013

UNIVERSIDADE DE SANTIAGO DE COMPOSTELA

FACULTADE DE CIENCIAS DO PORTO






iii

The present Master thesis “Lie-Rinehart Algebras” has been realized under my super-
vision by the graduate student Xabier Garcia Martinez as his Master’s thesis inside the
“Maéaster Universitario en Matematicas” of the University of Santiago de Compostela, and I

authorize its presentation.

Santiago de Compostela, July 17, 2013

Manuel Ladra Gonzalez






Contents

11 Lie—Rinehart Algebras|

12 Universal Enveloping Algebral

2.1 Universal Enveloping Algebral . . . . . . . .. ... ... ... L.

2.3 Left Hopt Algebroid Structure|. . . . . . . . .. ... oo

2.4 Lie-Rinehart Superalgebras| . . . . .. ... .. ..o o0
2.0 Restricted Lie-Rinehart Algebras| . . . . . . . ... ... ... 0.

I3 Homology and Cohomology|

8.1 Lie Algebras Homology| . . . . . . . . . . . .. .
13.2  Lie—Rinehart Algebras Homology| . . . . . . ... ... ... ... ... ....

vii

ix

11
11
14
19
23
25

29
29
32



vi

CONTENTS



Abstract

In this thesis we collect the main definitions and results of Lie-Rinehart algebras and then
we present our recent work on universal central extensions and a non-abelian tensor product
of Lie-Rinehart algebras. We start with definitions, examples and some constructions. Then
we see the relations between Lie—Rinehart algebras and Poisson algebras. We define the
universal enveloping algebra and we explore some of its properties, giving a proof of the
version of the PBW theorem in Lie-Rinehart algebras and we see that it has a left Hopf
algebroid structure. We also define the Lie-Rinehart superalgebras and the Restricted Lie—
Rinehart algebras structures. Then we introduce the Lie-Rinehart (co)homology. To end the
thesis, we present our main results of universal central extensions in Lie-Rinehart algebras

and the definition of the non-abelian tensor product.

Resumen

En este trabajo recopilamos las principales definiciones y resultados sobre algebras de
Lie-Rinehart y luego presentamos nuestro reciente trabajo sobre extensiones centrales uni-
versales y un producto tensorial no abeliano. Empezamos con definiciones, ejemplos y
algunas construcciones. Luego vemos la relacion entre algebras de Lie-Rinehart y &lge-
bras de Poisson. Definimos el algebra envolvente universal y exploramos algunas de sus
propiedades, dando una prueba de la version del teorema PBW en élgebras de Lie-Rinehart
y vemos que tiene una estructura de algebroide de Hopf por la izquierda. También definimos
las estructuras de superalgebras de Lie-Rinehart y &lgebras de Lie-Rinehart restringidas.
Luego introducimos la (co)homologia de Lie-Rinehart. Por altimo, presentamos nuestros
principales resultados en extensiones centrales universales en algebras de Lie-Rinehart y la

definicién del producto tensorial no abeliano.






Introduction

The concept of a Poisson manifold is currently of much interest in mathematics and physics.
A key idea is that a Poisson structure [-,-] on an arbitrary algebra A over a commutative
ring K gives rise to a structure of a Lie-Rinehart algebra over A in the sense of Rinehart
[28] on the A-module Q} of Kihler differentials for A in a natural fashion.

A Lie-Rinehart algebra over A is a Lie algebra over R which acts on A by derivations
and it is also an A-module satisfying suitable compatibility conditions which generalize the
usual properties of the Lie algebra of smooth vector fields on a smooth manifold viewed as
a module over its ring of smooth functions; these objects have been introduced by Herz [12]
under the name “pseudo-algébre de Lie” and were examined by Palais [26] under the name
“d-Lie ring”.

Any Lie-Rinehart algebra L over A gives rise to a complex Alta (L, A) of alternating
forms which generalizes the usual de Rham complex of a manifold and the usual complex
computing Chevalley-Eilenberg [7] Lie algebra cohomology. This observation is again due
to Palais [26]. Moreover, extending earlier work of Hochschild, Kostant and Rosenberg [13],
Rinehart [28] has shown that, when L is projective as an A-module, the homology of the
complex Alta (L, A) may be identified with Ext(j, 1 (A, A) over a suitably defined universal
algebra Ua L of differential operators. In particular, when A is the algebra of smooth
functions on a smooth manifold M and L the Lie algebra of smooth vector fields on M, then
Ua L is the algebra of (globally defined) differential operators on M.

The concept of an Lie-Rinehart algebra over A has a geometric analogue which is nowa-
days called a Lie algebroid, see Cannas-Weinstein [2], Coste-Dazord-Weinstein [8], Mackenzie
[23], Pradines [27] or Weinstein [30].

Moreover, there are some structures generalizing Lie-Rinehart algebras as Lie-Rinehart
superalgebras studied by Chemla [6], Leibniz—Rinehart algebras studied by Ibafiez-Leon-
Marrero [I6] or restricted Lie-Rinehart algebras studied by Dokas [9].

This thesis is divided in 4 chapters. On the first one, we will introduce Lie-Rinehart

algebras, the category they form and several examples to have an idea about they behaviour.

X
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Then we will define some structures as the semidirect product, introduced by Rinehart [28],
the left Lie-Rinehart (A, L)-modules introduced by Palais [26], right Lie-Rinehart (A, L)-
modules introduced by Huebschmann [I4] and crossed modules introduced by Casas-Ladra-
Pirashvili [4]. Then we will show the connections with Poisson algebras, as we can see
in Loday-Vallette [22], and in particular with Kéhler differentials studied Garcia-Beltréan,
Vallejo and Vorobjev [11].

In the second chapter, we will give the definition of the universal enveloping algebra of a
Lie-Rinehart algebra first given by Rinehart [28] and we will explore some properties given
by Moerdijk-Mr¢un [24]. Then we will prove a version of the Poincaré-Birkhoff-Witt theorem
for Lie—Rinehart algebras first proved by Rinehart [28] and we will see that the universal
enveloping algebra has a canonical left Hopf algebroid structure studied by Kowalzig [19].
To end the chapter we will see two generalizations of Lie-Rinehart algebras and their own
universal enveloping algebra. These structures are Lie-Rinehart superalgebras introduced
by Chemla [6] and Restricted Lie-Rinehart algebras studied by Dokas [9]. All the sections
in this chapter will begin with some results in Lie algebras in order to generalize them to
Lie-Rinehart algebras.

In chapter three, we will see some classical results on (co)homology theory in Lie algebras
that can be found in [2I] and [29] in order to generalize them to the (co)homology theory
of Lie-Rinehart algebras, studied by Huebschmann [I4] and Rinehart [28].

The final chapter will be the main part of this thesis. We will expose our recent work
in relation with universal central extensions. We will prove that the existence of a universal
central extension of a Lie—Rinehart algebra L is equivalent that L being perfect. Then we
will give a explicit construction of a functor uces from the category of Lie-Rinehart algebras
to itself which in the case of L being perfect, ucep L will be the universal central extension
of L. To end the chapter, we will introduce a generalization on Lie-Rinehart algebras of
the non-abelian tensor product of Lie algebras introduced by Ellis [10], we will find some

properties and we will relate it to the universal central extension.



Chapter 1

Lie—Rinehart Algebras

1.1 Preliminaries
In this section we will give some basic definitions of the topic and some examples. We remark
that if nothing else is said, all tensor product ®, will be tensor products over K, Q.

Definition 1.1. Let K be a commutative unital ring and A a commutative unital algebra

over K. A K-derivation, is a K-linear map D: A — A which satisfies the Leibniz’s law
D(ab) = (Da)b + a(Db),
for all a,b € A.

Then the set Deri(A) of all K-derivations of A is a Lie K-algebra with Lie bracket
[D,D’] = DD’ — D'D, and an A-module simultaneously. These two structures are related

by the following identity

[D,aD’| = a[D,D'| + D(a)D’', D,D'" € Derg(A).
This leads to the notion below, which goes back to Herz under the name “pseudo—algébre
de Lie” in [12].

Definition 1.2. Let A be a commutative, unital algebra over a commutative unital ring
K. A Lie—Rinehart algebra over A is a K-Lie algebra L with an A-module structure and a
map (usually called anchor)

ar: L — Derg(A),

which is simultaneously a Lie algebra and A-module homomorphism and the K-Lie algebra

structure and the A-module structure on L are related by the identity
[, ay] = alz,y] + z(a)y,

1



2 CHAPTER 1. LIE-RINEHART ALGEBRAS

where a € A, z,y € L and by z(a) we mean ay(z)(a). These objects are also known as

(K, A)-Lie algebras 28] and d-Lie rings [26].

In this way, we see that Derx(A) is a Lie-Rinehart algebra over A, where aper, (a) =

Idper s (A)-

Example 1.3. Let us observe that Lie-Rinehart algebras over A with trivial anchor map
ar: L — Derg(A) are exactly Lie A-algebras. If A = K, then Derg (A) = 0 and there is no
difference between Lie and Lie-Rinehart algebras. Therefore the concept of Lie-Rinehart

algebras generalizes the concept of Lie A-algebras.

Before having more examples of Lie—Rinehart algebras we will see how is the category

that they form.

Definition 1.4. Let L and M Lie—Rinehart algebras over A. We say that f: L — M is a
Lie—Rinehart homomorphism over A if it is simultaneously a K-Lie algebra and A-module
homomorphism. Furthermore f must conserve the action in Dery (A), in other words, the

following diagram must be commutative.

Derg (A)

We denote by LRak the category of Lie-Rinehart algebras over A. By Example we
have the full inclusion

Liep C LRaKk,

where Lies denotes the category of A-Lie algebras.

It is important to recall that the product in the category LRak as a set, is not the product
in Set. Given two Lie-Rinehart algebras L and M, the product in LRak is L Xper,(a) M =
{(x,m) € L x M : z(a) = m(a) for all a € A}, with the obvious action (z,m)(a) = z(a) =
m(a) foralla € A, z € L and m € M.

Remark 1.5. Some authors consider a different category when they speak about Lie-Rinehart
algebras. One can define the category changing the base K-algebra, so the objects will be
pairs of the form (A, L) and the morphisms will be pairs (¢, f), where ¢: A — A’ is a
homomorphism of K-algebras, f: L — L’ a Lie algebra homomorphism and they are related
by f(az) = ¢(a)f(z) and ¢(z(a)) = f(z)(¢(a)). In the most part of topics that we are
going to study here, it is irrelevant which category are we considering, but by default we are

not going to change our base K-algebra, so we will be in the category defined above.
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Definition 1.6. Let L be a Lie-Rinehart algebra over A. A Lie—Rinehart subalgebra M of
L is a K-Lie subalgebra which is an A-module, with action induced by the inclusion in L.
If M and N are two Lie—Rinehart subalgebras of L, we define the commutator of M and
N, denoted by {M, N} as the A-module spanned by the elements of the form a[z,y] where
a€A, xeMandyeN.

Definition 1.7. Given a subalgebra M of L we say that it is a Lie—Rinehart ideal if M is a

K-Lie ideal of L and the action induced by the inclusion is the trivial action, i.e. a(M) = 0.

An example of an ideal is the kernel of a Lie-Rinehart homomorphism. Another example

is the center of a Lie-Rinehart algebra, defined by
Za(L)y={x € L:Jazx,z]=0and x(a) =0foralla € A,z € L}.

We denote by L*" the A-module L/{L,L}. We recall that the subalgebra {L, L} is not
necessarily a Lie-Rinehart ideal, so L*” may not be a Lie-Rinehart algebra.

We will see now more examples of Lie-Rinehart algebras.

Example 1.8. If g is a K-Lie algebra acting on a commutative K-algebra A by deriva-
tions (that is, a homomorphism of Lie K-algebras v: g — Derg(A) is given), then the
transformation Lie—Rinehart algebra of (g, A) is L = A ® g with the Lie bracket

la®g,d @d]:=ad @[g,9']+ay(g)(a") @ g —a'v(g')(a) ® g,

where a,a’ € A, g,¢' € g and the action ay: L — Derg(A) is given by ar(a ® g)(a’) =
ay(g)(a).

Example 1.9. Let M be an A-module. The Atiyah algebra A of M is the Lie-Rinehart
A-algebra whose elements are pairs (f, D) with f € Endg (M) and D € Derg (A) satisfying
the following property:

flam) =af(m)+ D(a)m, a€ A,me M.
A is a Lie Rinehart A-algebra with the Lie bracket
(£, D), (f", D" = ([f, '], [D, D))
and anchor map aa,,(f,D) = D.

Example 1.10. Consider the K-algebra of dual numbers,

A= K[| = K[X]/(X?) = {1 + 2 | e1, 05 € K, £ = 0},
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We can endow to A with the Lie algebra structure given by the bracket:
[c1 + cag, c) + che] = (c1chy — cacl)e,  c1 + cag, c) + che € A.

Thus A is a Lie-Rinehart algebra over A with anchor map aa: A — Derg(A), ¢1 + cae —

ad.,, where ad., (¢} + che) = [e1, ¢} + che] is the adjoint map of ¢;.

Example 1.11. The A-module Derg(A) @ A is a Lie-Rinchart algebra over A with the
bracket
[(D> a’)7 (D/7 alﬂ = ([Dv D/], D(a/) - Dl(a))ﬂ

and anchor map 7 : Derg (A) ® A — Derg (A), the projection onto the first factor.

Definition 1.12. Let M be a smooth manifold. Denote by T'(M) the tangent bundle of M
and X(M) the Lie algebra of smooth vector fields on M. A Lie algebroid over M is a real
smooth vector bundle 7: g — M over M, together with a smooth map an: g — T(M) of
vector bundles over M and a Lie algebra structure on the vector space I'g of smooth sections

of g, such that
1. the induced map I'(an): I'g — X(M) is a Lie algebra homomorphism,

2. the identity
[z, fy] = flz,y] + I'(an)(z)(f)y,
holds for any f € C(M) and z,y € I'g.

Example 1.13. In particular, let X = R and A = C*(M) be the algebra of smooth
functions on a compact manifold M and let L be a Lie-Rinehart algebra over A. Assume
that L is finitely generated and projective as an A-module. Then it follows from Serre—
Swan’s theorem that L = C*°(E), is the space of smooth sections of a vector bundle over M.
The bundle map a: E — T(M) induces a: C*°(E) — Derg (C>(M)) = C*(T'(M)). In other
words, Lie algebroids over M are precisely the Lie-Rinehart algebras over C*°(M) which are
finitely generated and projective as C°°(M)-modules. So one recovers Lie algebroids as a

particular case of Lie-Rinehart algebras.

1.2 Constructions and Actions

Definition 1.14. Let L € LRak and let R be a Lie A-algebra. We will say that L acts on

R if it is given a K-linear map
L®R— R, (z,r)—zor, xeL,reR

such that the following identities hold
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1) [z,ylor=z0(yor)—yo(zor),
2) zolr,r]=[zorr]—[zor,r],
3) axor =a(xor),
4) zo (ar) =a(zor)+ z(a)r,
where a € A, z,y € L and r,7’ € R.
Let us observe that 1) and 2) mean that L acts on R in the category of Lie K-algebras.

Definition 1.15. Let us consider a Lie-Rinehart algebra L and a Lie A-algebra R on which
L acts. Since L acts on R in the category of Lie K-algebras as well, we can form the semi—
direct product L x R in the category of Lie K-algebras, which is L & R as a K-module,
equipped with the following bracket

[(,7), (5, 7)) = ([, [, + w00’ =y or),

where z,y € L and r,7" € R. We claim that L x R has also a natural Lie-Rinehart algebra
structure. Firstly, L ¥ R as an A-module is the direct sum of A-modules L and R. Hence

a(x,r) = (az,ar). Secondly the map
a&: L x R — Derg(A)

is given by a(x,r) := ar(x). In this way we really get a Lie-Rinehart algebra. Indeed, it is

clear that a is simultaneously an A-module and a Lie algebra homomorphism and we obtain

[(z,7),aly,r")] = [(z,7), (ay, ar’)] = ([v,ay], [, ar'] + z 0 (ar’) — ay o)
= (alz,y] + z(a)y, alr,r'] + a(z o r’) + z(a)r’ —a(yor))
=a([z,y],[r,7]| +xor’ —yor)+ (x(a)y,z(a)r’)
= a[(z,7), (y,7")] + z(a)(y, 7).

Thus L x R is indeed a Lie-Rinehart algebra.

Definition 1.16. A left Lie—Rinehart (A, L)-module over a Lie—Rinehart A-algebra L is a
K-module M together with two operations

LM —> M, (z,m) — xm,

and

AM— M, (a,m) — am,
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such that the first one makes M into a module over the Lie K-algebra L in the sense of the
Lie algebra theory, while the second map makes M into an A-module and additionally the

following compatibility conditions hold
(az)(m) = a(zm),
z(am) = a(xm) + z(a)m, a€AmeMandze L.

Notice that a left Lie-Rinehart (A, L)-module is equivalent to giving a morphism of

Lie-Rinehart A-algebras L — A (see Example .

Definition 1.17. For a left Lie-Rinehart (A, L)-module M one can define the semi-direct
product L x M to be L& M as an A-module with the bracket [(z,m), (y,n)] = ([x, yl,an —
ym)’ x’y 6 L7m’n E M'

Definition 1.18. A right Lie-Rinehart (A, L)-module over a Lie-Rinehart A-algebra L is

a K-module M together with two operations
ML — M, (m,z) — maz,

and

A M — M, (a,m) — am,

such that the first one makes M into a module over the Lie K-algebra L in the sense of the
Lie algebra theory, while the second map makes M into an A-module and additionally the

following compatibility conditions hold
(am)z = m(az) = a(mzx) — x(a)m, acAmeMandzxel.

Definition 1.19. A crossed module 0: R — L of Lie-Rinehart algebras over A (defined in
[4]) consists of a Lie-Rinehart algebra L and a A-Lie algebra R together with an action of
L on R and the Lie algebras homomorphism 0 such that the following identities hold:

1. O(xor)=[z,0(r)],

2. 9(r')or=1[rr],

4. 9(r)(a) =0,
foralla e A,r € Rand x € L.

Example 1.20. We can see some examples of crossed modules of Lie-Rinehart algebras.
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1. For any Lie-Rinehart homomorphism f: L — R, the diagram Ker f — L is a crossed

module of Lie-Rinehart algebras.

2. If M is an ideal of L, the inclusion M < L is a crossed module where the action of L

on M is given by the Lie bracket.

3. If R is a left Lie-Rinehart (A, L)-module with Lie bracket [R, R] = 0, the morphism

0: R — L is a crossed module.

4. Let 0: R — L be a central epimorphism (i.e. Ker0 C Z(R)) from a Lie A-algebra R to
a Lie—Rinehart algebra L which is also an A-Lie algebra. Then 0 is a crossed module

where the action from L to R is given by x or = [r/,r], such that (') = x.

1.3 Lie—Rinehart Algebras and Poisson Algebras

Lie-Rinehart algebras are closely related to Poisson algebras. They both come from differ-
ential geometry and there are some similarities between them. In this section we will try to
obtain Lie-Rinehart algebras from Poisson algebras and viceversa, and to see a geometrical

point of view of this topic.

Definition 1.21. A Poisson algebra is a commutative K-algebra P equipped with a Lie
K-algebra structure such that the following identity, called Leibniz rule, holds

[z, yz] = ylz, 2] + [z, 9]z,
where z,y,z € P.

Example 1.22. We can see in [22] that if L is a Lie-Rinehart algebra over A, we can define
a Poisson algebra P = A @ L with the two operations defined by
(a+2)(b+y) :=ab+ (ay + bx),
la+2,b+y] = (2(0) — y(a)) + [2,y),
where a,b € A and x,y € L. Conversely, any Poisson algebra P, whose underlying vector

space can be split as P = A @ L and such that the two operations - and [, | take values as

follows:

A9AS A AsAllo,
A®9L-sL  LeoAlla
LoL-0, LeLlhr

defines a Lie—Rinehart algebra L over A. The two constructions are inverse to each other.
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There are (at least) three Lie-Rinehart algebras related to any Poisson algebra P, which

we will see them in the next examples.

Example 1.23. The first one is P itself considered as a P-module in an obvious way,
where the action of P (as a Lie algebra) on P (as a commutative algebra) is given by the
homomorphism ad: P — Der(P) given by ad(z) = [z, —] € Der(P).

There is a variant of this construction in the graded case. Let P, = @nzo P,, be a com-
mutative graded K-algebra in the sense of commutative algebra (i.e. no signs are involved)
and assume P, is equipped with a Poisson algebra structure such that the bracket has degree
(-1). Thus [-,—]: P, ® P, = Pyym—1. Then P; is a Lie-Rinehart Pp-algebra, where the
Lie algebra homomorphism P; — Der(Fy) is given by x1 — [21, —], [z1, —](z0) = [z1,20],

where a; € P;, 1 =0, 1.
Example 1.24. To see the second example, we establish
H%oiss(Pﬂ P) = {ZL’ epr | [1'7 7] = 0}

Then HY ... (P, P) contains the unit of P and is closed with respect to products, thus it is a
subalgebra of P. A Poisson derivation of P is a linear map D: P — P which is a derivation
simultaneously with respect to commutative and Lie algebra structures. We let Derp,;ss(P)
be the collection of all Poisson derivations of P. It is closed with respect to the Lie bracket.
P, P) and D € Derpyiss(P) then D € Derpyiss(P). It follows that
P, P).

: 0
Moreover, if x € Hp ;. (

Derpyiss(P) is a Lie-Rinehart algebra over HY .. (

To see the last one we need a definition first.
Definition 1.25. Given a commutative K-algebra B, we define the Kdihler differential
), as the kernel of the multiplication B ® B — B. We define the map d: B — Q} by
db=1®b—b® 1, which is a derivation of B over K with values into Q}. It is clear from

the definition that Qf, = Spang{db : b € B}, since the elements of Q} lie in the kernel of the
multiplication map, if > a; ® b; € Qf, then Y a;b; = 0 and therefore

Zaj ®bj = Z(aj ®bj —ajb; ® 1) = Zajdbj,
where a;,b; € B.

Example 1.26. Given a Poisson algebra P, we can extend by linearity the map dz — ad(x)
to get a morphism p: Q) — Der g (P) uniquely defined by p(dz) = ad(x) for all z € P. Also

given a € 0L, we can define da through the formula

da(D, D') = D(a(D")) — D' (a(D)) — o([D, DY),
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where D, D’ € Derk (P).

In this way, QL is a Lie-Rinehart algebra with anchor map p and Lie bracket
[zda’, ydy'] = z[2’, yldy" + y[z, y']dz’ + zyd[’, y'],

where z,2’,y,y’ € P, and the bracket used on the left side of the identity is the bracket on

the Poisson structure.

These examples give us some ways to associate Lie-Rinehart algebras from Poisson al-
gebras. Now we will do the opposite of Example [[.26] find out when given a Lie-Rinehart
algebra QL we can form a Poisson structure on P. In addition, if QL determines a Poisson
structure on P, we will say that is Poisson type.

We can define the bracket on P in the following way
[z,y] = (dy)(p(dz)) = (p(d2))(y).
This bracket is K-linear and satisfies the Leibniz rule
[2,y2] = (p(d2)) (y2) = yp(dz)(2) + p(dz)(y)z = ylz, 2] + [z, 9]z,
for all z,y,z € P.

Theorem 1.27. Let QL a Lie-Rinehart algebra. Then there is a Poisson algebra structure

on P such that p(dz) = ad(x) for all x € P if and only if:
1. dz(p(ddy)) = —dy(p(dz)), for all z,y € P,
2. One of the following conditions holds:
(a) da = 0 = df3 implies d[a, 3] = 0, where o, B € Q.
(b) [dz,dy] = d(dy(p(dx))) for all x,y € P.
Under these conditions, the Lie bracket is reconstructed from p by the formula
[zda’, ydy'] = z[2,y]dy’ + ylz,y']dz’ + zyd[2’, '].
Proof. The proof of this theorem is long and will be omitted but it can be found in [I1]. O

When the anchor map p is injective, the property [dz,dy] = d[z,y] is trivial, since p is
a Lie algebra morphism, so p[dz,dy] = [p(dz), p(dy)] = p(d]z, y]). When p is not injective,

this property can be true or not. We will see an example where is true.
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Example 1.28. Let K = R and P = R[z', 2% 23%]. Then Derk (P) = Span{d, d2,03} and
QL = Span{dz?!, dz? dz3}. We define the following bracket

[pida’, g;da?] =(p1 (92 + 03) + p2(—01 + 03) + p3(— — ) (a:)
— (q1(82 + 05) + q2(—01 + 05) + q3(—01 — D2)) (p;)da’,

and anchor map

p(pi)da’ = —(p2 + p3)or + (p1 — p3)02 + (p1 + p2)0s.

The matrix representation of p to the given basis in Der (P) and Q}, is

0 1 1
p=|-1 0 1
-1 -1 0

Therefore, p is in the condition of the first part of Theorem and a long but straightfor-
ward computation, shows that QL is a Lie-Rinehart algebra. Let us see that is of Poisson

type checking the property [dz,dy] = d[z,y]. For any p,q € P,

dlp, q = d(p(dp)(q)) = d(p(d;pdz")(q))
= d(—(92p 4 03p)01q + (O1p — 03p)D2q + (01q + D2p)D3q).

The dz' factor in the expansion of the expression (the other cases are similar) is

— (Oap + 3329)3%111 + (Op — 3317)3%2‘1 + (Oip + 5210)3%3(]
— (O%ap + 073p)01q + (071p — O73)D2q + (O51p + 912°p)Dsq.

On the other hand, the bracket on the Lie-Rinehart algebra is
[dp, dg] = [Oipda’, 8jqda’] = p(dp)(ka) — p(da)(rp)da™.
For k = 1, we compute the coefficient of da?,

— (Oap + O3p) 031 q + (01p — O3p)0iaq + (O1p + 321?)3%?&]
— (03,0 + 073p)01q + (0F1p — 973)0aq + (051p + 012%p)Dsq.

which is the same as above. So 0}, is a Lie-Rinehart algebra of Poisson type.



Chapter 2

Universal Enveloping Algebra

In this chapter we will see the definition and some characterizations of the Universal En-
veloping Algebra of Lie algebras, and then we will extend them to Lie—Rinehart algebras.
Then we will see some generalizations of Lie-Rinehart algebras and their correspondents

universal enveloping algebras.

2.1 Universal Enveloping Algebra

Definition 2.1. Let L a Lie algebra, a universal enveloping algebra of L is an associative,
unital algebra U L with the standard Lie bracket [z,y] := 2y — yz and a morphism i: L —
U L, such that for any other associative, unital algebra B and a Lie morphism x: L — B

there is a unique algebra homomorphism f: UL — B such that f(z(x)) = k(x).

It is easy to check that the universal enveloping algebra is unique up to isomorphism. In
particular, the construction of U L is the K-algebra generated by the symbols i(z) for each

x € L satisfying the usual relations
i(kx) = ki(z),
i(z+y) =i(x) +i(y),
and the additional relation
ile,y]) = i(2)ily) —i(y)i(z),
forall k € K and z,y € L.

Definition 2.2. A filtration of an K-algebra C' is a sequence of K-submodules

CocCic-Coc-clJa=c

11
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such that C;C; C C;4;. The associated graded algebra of a filtration is defined by gr, (C) =
D, Cn/Cn-1 with multiplication gri8r; — griy;. Note that the universal enveloping
algebra U L defines an algebra filtration where C; are the K-submodules generated by

Now we move to the case of Lie—Rinehart algebras.

Definition 2.3. Let L a Lie-Rinehart algebra over A. Let U(A® L) the universal enveloping
algebra of the Lie algebra (A @ L), with bracket

[(aa CE), (ba y)] = (.’ﬂ(b) - y(a)v [xvyD

Ifi: A® L — U(A @ L) is the canonical inclusion, we write U(A @ L) for the subalgebra
generated by i(A @ L). The universal enveloping algebra of L is the quotient

where [ is the two-sided ideal in U(A @ L) generated by the elements i(a, 0)-i(b, z) —i(ab, ax)
for all a,b € A and x € L.

In particular, another way to see the universal enveloping algebra of L, is that Ua L is
the algebra generated by the symbols j(a) for each a € A and i(x) for each z € L, satisfying

the following relations

The universal enveloping algebra Ua L is characterized by the following universal prop-
erty: if B is any K-algebra, ka: A — B is a homomorphism of K-algebras and xkr: L — B
is a homomorphism of Lie algebras such that ka(a)kr(z) = kr(az) and [kL(z),ka(a)] =
KA (:v(a)) for any a € A and x € L, then there exists a unique homomorphism of algebras
f:Ua L — B such that f(i(z)) = kr(x) for all 2 € L and f(j(a)) = ka(a) for all a € A.

In particular, the universal property of Ua L implies that there exists a unique represen-

tation

0: Ua L — Endg(A)

such that poi = p and goj is the canonical representation given by the multiplication in A.
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Example 2.4. If L is a Lie A-algebra as in Example [[.3] the universal enveloping algebra

Ua L is the classical universal enveloping algebra U(L) of L.

Example 2.5. Let K = R, M a manifold, A = C>(M) and L = Der (C>(M)). This way,
L is a Lie-Rinehart algebra with anchor map the identity map, and the universal enveloping

algebra Ua L is the ring of global differential operators on M.

It is clear that there is a one-to-one correspondence between left (A, L)-modules and left
Ua L-modules. In particular, the obvious (A, L)-module structure on A induces on A a left

Ua L-module structure given by
p: UaL®A = A, pw(z ®a) = z(a).
Let V,, be the A-submodule spanned on all products i(x1) - - - i(zx), where k¥ < n. Then
0OcA=V,cVic---CV,C---CUAL,

defines an algebra filtration on Ua L. It is clear that Ua L = U,>oV;,. It follows from the
fourth relation of the definition that the associated graded object gr, (V') is a commutative

A-algebra. In other words Ua L is an almost commutative algebra in the following sense.

Definition 2.6. An almost commutative algebra is an associative K-algebra C together
with a filtration

0CA=CycCiCc-—-CcCyC--CC=]C,

n>0
CnCp, C Cpgm and such that the associated graded object gr,(C) = ®n20 Cpn/Cp_1is a

commutative A-algebra.

Remark 2.7. If C is an almost commutative algebra, then there is a well-defined bracket
[_7 _] : grn(o) ® gl’m(C) — grn-‘rm—l(c)

which is given as follows. Let a € gr,(C) and b € gr, (C) and & € C, and b € C),
representing a and b respectively. Since gr,(C) is a commutative algebra it follows that
ab —bé € Cpyypm—1 and the corresponding class in 8rym_1(C) is [a,b]. Tt is also well known
that in this way we obtain a Poisson algebra structure on gr,(C). Since the bracket is
of degree (-1) by Example L = gr,(C) is a Lie-Rinehart algebra over A = gr,(C).
Moreover the exact sequence

0—+A—-Cy—L—0,

is an abelian extension of Lie-Rinehart algebras (see below Definition [3.25)).
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Proposition 2.8. The correspondence assigning C1 to the almost commutative algebra C,

defines a functor LR: AComma — LRAK.

Proof. Let f: C — D € AComm, . Since f preserves the filtration, f(C1) C D;. Furthermore,
f(az) = f(a)f(x) = af(x), for any a € Cy = Dy and x € Cy, and ([, y]) = [y — yz) =
f@)fly)— fly)f(x) = [f(z), f(y)], for x,y € C;. Hence the restriction of f to Cy, which we
shall call LR(f), is a morphism of K-Lie algebras and of A-modules such that the following

diagram commutes in Lieg,

Thus, LR(f) € LRak.
On the other hand, it is clear that LR(1¢,) = 1¢, and the following diagram commutes
in K-mod,

AN
i B

Q

ic D J\
LR LR
(f) (9) B

| ——= Dy ——

Q

s

Hence LR is functorial. O

Proposition 2.9. The functor LR is right adjoint to the universal enveloping functor

Ua: LRax — ACommp .

Proof. Let ®: ACommp (Ua L, C) — LRAk (L, LRC) be the map given as follows. Since Ua L is
generated as a K-algebra by L and A, a morphism f: Ua L — C is completely determined
by its restriction to L and A. Since f(a) = a for every a € A, and f(L) C f((Ua L)1) C Ci,
it follows that the restriction of f to L, ®f: L — C; = LRC is a monomorphism of Lie-
Rinehart algebras.

Let g: L — C; € LRak. We build up the morphism g: Us L — C by g(azy - xm) =
ag(xy) -+ g(xm) € C. It is straightforward to see that g € AComms and &g = g. Hence ® is

bijective, and Ua and LR form an adjoint pair. O

2.2 PBW Theorem

In this section we will give the classical result theorem of Poincaré-Birkhoff-Witt in Lie
algebras, and we will prove the analogue for Lie—Rinehart algebras first proved by Rinehart

in [28].
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Definition 2.10. The tensor algebra of an K-module N, is the graded K-algebra

TWN) =P T1"WV),

n>0

U
~—

where TO(N) = K and T"(N) = N®@ - - QN

The universal enveloping algebra of a Lie algebra L, is just T(L)/I where I is the ideal
generated by the elements z ® y — y @ © — [z, y|, where z,y € L.

Definition 2.11. The symmetric algebra of N is
Sym(N) =T(N)/1,
where I is the ideal generated by the symbols m ® n —n ® m, for m,n € N.

Lemma 2.12. If G(U L) is the universal enveloping algebra with the graded structure, the
canonical epimorphism T(L) — U L factorizes into an epimorphism Sym(L) — G(U L).

Proof. Tt is easy to see since the elements of the form z ® y — y ® x € T(L)2 are sent to

[z,y] € (UL)1. O

Theorem 2.13 (PBW Theorem). If L is a Lie algebra and it is K -free, then the canonical
epimorphism,

Sym(L) — G(U L),
is an isomorphism.

Corollary 2.14. If L is free as an K-module with basis {x;,i € I}, the set

Si .82 Sp oL s . . _
{@fiz? 2" iy <dp < <y and s; > 0},

form an K-basis of UL. In particular i: L — U L is injective.

These are classical results of Lie algebras. Now we will move into Lie-Rinehart algebras.

We will need some previous lemmas to prove the results.

Lemma 2.15. Let A be a ring, M; be a right A-module for every i in some index set, and

let N be a projective left A-module. Then, the natural homomorphism
(H M;) @A N — H(Mz ®a B),

18 1njective.
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Lemma 2.16. Let A be a commutative ring. The natural map

A — H A,

pEMax(A)

where Max(A) are the mazimal ideals of A and A, is the corresponding local ring, is injective.
Proof. The proofs of these lemmas can be found in [28]. O

Definition 2.17. Let L a Lie-Rinehart algebra over A and let M a Lie module for A @ L.
We say that M is an A-regular L-module if

a(zm) = (az)m,
forallace A, z€ A® L and m € M.

The canonical map A @ L — Ua L endows any Ua L-module with the structure of an
A-regular L-module. Thus we have a one-to-one correspondence between Ua L-modules and
A-regular L-modules. In particular, A has a natural structure as an A-regular L-module,
and the representation of A thus obtained is faithful. Hence the map A — Ua L is injective
and we will identify A with its image in Ua L.

If M and N are Ua L-modules, we can define an A-regular L-module on M ® N such
that

a(m®n) = (am)®n=m® (an),
z(men) = (zm) ®n+m (zn),
forac A,z e, meMandneN.

Lemma 2.18. Let N a left Upn L-module. The Ua L-module N'® Ua L as defined above is
isomorphic to Ua L @ N with the usual left Ua L-module structure.

Proof. The proof can be read in [13]. O

Given the graded algebra structure on Ua L, there is a canonical map T'(L) — Ua L, and
it factorizes into a map Sym(L) — G(Ua L). This leads to the analogue of the Poincaré-
Birkhoff-Witt theorem of Lie algebras.

Theorem 2.19 (PBW Theorem). If L is a Lie—Rinehart algebra over A, and is A-projective,

then the canonical A-module epimorphism,
Sym(L) — G(Ua L)

where G(Ua L) is Ua seen as a graded A-algebra, is an A-algebra isomorphism.
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Proof. First of all, we will prove the theorem assuming that L is A-free. Let {z;} be an
ordered A-basis of L. We denote by X; the elements z; considered as elements of Sym(L),
and we denote the image of x; in Ua L by the inclusion of L by z;. If I is a sequence
i1 < oo <y, let Xp = X5, ---X;,. If T is the empty sequence, let X; = 1. We write
j < I in case either j < iy or [ is empty. The main part of the proof is to define an
A-regular L-module structure on Sym(L) such that, if j < I, z;X; = X;X;. Once we
have this structure, we obtain an Us L-module structure for Sym(L) because the one-to-one
correspondence, and this structure, will have the property that for any ordered sequence I,
(Ziys---, T4, ) - 1 = Xy. Since the X; form an A-basis for Sym(L) it suffices to prove the
theorem.

Let Sym”(L) denote the homogeneous component of degree p of Sym(L) and let Q, =

520 Sym?(L). We will define by induction a K-bilinear map L x Sym(L) — Sym(L),
denoted by (x,Y) — zY by defining its restriction L x @, — Qp+1 for each p, subject to

the following conditions:

x; Xr = X; X1 itj <Iand X;e€ @y, (2.1)
z(2'Y) =2/ (2Y) + [x,2]Y ifz,2’ € Land Y € Q,_1, (2.2)
z; X1 — X5X1 € Qq if Xr € Qqand g <p, (2.3)
(az)(bY) = a(b(zY) + z(b)Y) ifa,be A,xe LandY € Q). (2.4)

For p = 0, we define za = ax + x(a), satisfying conditions through .

Now suppose we have already defined an action L x @,—1 — @), satisfying the conditions
corresponding to through . In order to extend this, we first define the action by
the elements z; mapping Sym”(L) into Q,+1. We may assume inductively that we have
defined this action for all z; such that j < i. Let X; € Sym”(L), if ¢ < I, we define
x; X7 = X;X1. If not, then I = (4, J) with j < ¢, and by induction hypothesis we can define
z; X1 = x;(x; X 5)+[z;, 2;]X ;. Now we define the action by x; on all of Sym” (L) by defining
x;(aXr) = a(x; X1) +x;(a) X1 for a € A and extending by K-linearity. Thus we have defined
the action by the elements x;. To define the action on Sym”(L) by an arbitrary element of
L, define (az;)Y = a(z;Y) for a € A and Y € Sym?(L), and we extend it by K-linearity.
Conditions , and are clearly satisfied. We just have to see the verification of
condition ,

zi(2j Xg) =2;(2: Xu) + [z, 2] X 5.

If i > j, with j < H, then (j, H) = J, and using the definition of the action, the condition
follows immediately. If j > i and ¢ < H, since the Lie bracket is skew-symmetric it is the

same as before. In addition, if i = j condition (2.3)) trivially holds. So let us consider the
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case when neither ¢ < H nor j < H. Then H has positive length and H = (g, G) where
g <G, g<iand g < j. By the inductive assumption,

2j(Xu) = wj(2gXa) = vg(2;Xa) + [2j,20]Xa = 2g(2;Xc) + wgw + [1), 2] Xg,
where w = 2;Xq — X; X¢ € Qp—1. Applying z; to both sides we have
2i(2; Xp) = 2 (2g(2;Xq)) + zi(zgw) + z([25, 24 X1).
Since g < (4, G), condition may be applied, and after some computation we get
i(2;Xm) = 29 (2i(2;X6)) + w5, 2g)(w;Xe) + [2), 2g)(v: Xa) + [21, [, 7] Xo-

Our assumptions on ¢ and j were symmetric, so the previous identity holds if we change of

position ¢ and j. Subtracting and applying condition (2.3) again, the final result is
.’L‘i(l‘jXH) — xj(a:iXH) = [l‘i, l‘j]XH.

Therefore we have an action by elements of L on Sym(L). We use this to define an
action of A @ L on Sym(L) in the obvious way. Using and it is easy to see that
this endows Sym(L) with the structure of an A-regular L-module, and we have proven the
theorem when L is A-free.

Now we assume only that L is A-projective. Let p any prime ideal of A. If D is any K-
derivation of A, the formula Dy (a/b) = (bD(a) — aD(b))/b? extends D to a K-derivation of
A,. Thus L is represented on A,. Let L, = A, ®4 L with the natural A,-module structure.

We can define a bracket on L,
[a®z,b@y] =ab® [z,y] + ax(b) ® y — by(a) ® x,

where a,b € A, and z,y € L. It is a straightforward computation to check that this is a Lie
bracket. In addition, the elements of L, act as derivations of A, in the natural way, so L,
becomes a Lie-Rinehart algebra over A,.

Since L is A-projective, so is Sym(L), and hence the monomorphism of Lemma and
the injection of Lemma there is a monomorphism

Sym(L) = A @ Sym(L) — (][ Ap) ®a Sym(L) — [ ] (Ap ®a Sym(L)) = [ ] Sym(Ly),

where the product is taken over all the maximal ideals of A. The natural A-module and
Lie algebra homomorphism A @® L — A, ® L, defines an A-algebra homomorphism Ua L —
Ua Ly. Therefore we have a map Ua L — [[(Ua Lp). This map is compatible with the
filtration of Ua L and Ua Ly, so we obtain a map G(Ua L) — [[G(Ua Lp). Since L is A-

projective, L, is Ap-projective. Hence, since A, is a local ring, L, is A,-free (this can be
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found in [I8]. By the first part of the proof, the map Sym(L,) — G(Ua Ly) is therefore an

isomorphism. Hence we have the commutative and exact diagram

0

|

Sym(L) ——— G(Us L) ——=0
0 —[[Sym(Ly) ——=[[G(Ua Lp) —=0

where we deduce that the arrow of the top row is injective, completing the proof. O

In the particular case of Example this theorem is the usual Poincaré-Birkhoff-Witt

theorem for Lie algebras.

Corollary 2.20. If L is a Lie-Rinehart algebra over A, projective as an A-module, the map
i: L — UaL,

18 1njective.

Corollary 2.21. If L is free as an A-module with basis {x;,1 € 1}, the set

Si S2 Sp
{xilzig €z,

i <dg < e <y CLTLdSiZO},

form an A-basis of Ua L.

2.3 Left Hopf Algebroid Structure

An important field of study in Lie algebras, is the fact that the universal enveloping algebra
is a Hopf algebra. In the case of Lie-Rinehart algebras, the universal enveloping algebra
does not need to be a Hopf algebra, but it is a left Hopf algebroid. In this section we will
introduce the notions of Hopf algebras and left Hopf algebroids and we will give the universal

enveloping algebras each of the correspondent structures.

Definition 2.22. Tt is well known that a K-algebra A is a triple (A, ma,n), where ma: A®
A — A, n: K — A and the associativity and the unitality properties follow, i.e. ma(ma ®
ida) = ma(ida ® ma) and ma(n ® ida) = ma(ida ® n) = ida. Analogously, one can say
that A is a K-coalgebra if it is a triple (A, A,€), such that A: A > A® Aande: A - K

satisfying the coassociativity and the counitality properties
(A ®ida)A = (ida ® A)A,
(idA ® E)A = (6 ® idA)A =1ida.
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Definition 2.23. A K-bialgebra is a quintuple (A, ma,n, A, ), where (A, ma,n) is a K-

algebra and (A, A, €) is a K-coalgebra verifying the following equivalent conditions
(i) The maps ma and n are morphisms of K-coalgebras.
(ii) The maps A and e are morphisms of K-algebras.

Definition 2.24. Let now (H,mpy,n, A, €) be a K-bialgebra. An endomorphism S: H — H

is called an antipode for H if
mH(S X idH)A = mH(idH ® S)A = 7ne.
A Hopf algebra is a K-bialgebra with an antipode.

Example 2.25. The universal enveloping algebra U L of a Lie algebra L is a Hopf algebra

with structure maps defined on generators in the following way

e(x) =0,
S(J}) = -,

for all z € L.
Now we move to K-algebroids and Lie-Rinehart algebras.

Definition 2.26. Let A be a K-algebra, the opposite ring A°P is the same structure as A
but the product ab in A°P is defined by ba in A. We define the enveloping algebra of A as
A%:=A ® A°P.

Definition 2.27. An A-ring U is a triple (U, my,n) where U is an A®-module, my: U ®4
U—-U,u®v—uvand n: A — U are (A, A)-bimodule maps such that

my(my ®idy) = my (idy @ my),

my(n ®idy) = my(idy ® 7).

These properties are the associativity and the unitality. It can be seen in [I] that the A-rings

U correspond bijectively to K-algebra homomorphisms
n:A—U.

Definition 2.28. Dually to the notion of an A-ring is the concept of an A-coring. This
is, an A-coring C is a triple (C, A, €) where C is an (A, A)-bimodule (with left and right
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actions Ly and Rp) and A: C — C ®p C, e: C — A are (A, A)-bimodule homomorphisms
such that

(A ®ide)A = (ide ® A)A,
La(e®ide)A = Ra(ide ® €)A = ide.
These properties are the coassociativity and the counitality.

Given an A°-ring U, described by a K-algebra map n: A® — U, we can consider the

restrictions
si=n(—®@1x): A= T,
t:=n(la®—): A" = U.

We will call these maps source and target map of the A°-ring. In this way, and A®-ring may
be equally given by such a triple (U, s,t). Using the left A®-module structure (a ® a,u) —

n(a ® a)u on U, one considers

UaU:=U®U/span{n(1@a)u@ v —u®@nla®1)u':a € A and u,u’ € U}
=U ® U/span{t(a)u @ v’ —u ® s(a)u’ : a € A and u,u’ € U}.

Definition 2.29. We will call the left Takeuchi product of the A®-ring U with itself to the
K-submodule of U @ U

UxaU:= {z:uZ @au, € URpU: Zuit(a) @A u; = Zul @ u;s(a) for all a € A}

Definition 2.30. A left A-bialgebroid is a K-module U that carries simultaneously the
structure of an A°-ring (U, s,t) and a A-coring (U, A, ¢), subject to the following compati-

bility axioms:
1. We have an (A, A)-bimodule structure described by
aru<a:=n(a®a)u=s(a)t(a)u
for a,a € A and u € U. We will refer to this structure by writing » U .

2. Considering the bimodule » U4, the coproduct A is a K-algebra morphism taking

values in U x U.
3. For all a,a € A,u,u’ € U, the counit € has the properties
e(s(a)t(au) = ae(u)a,

e(uu’) = e(us(eu')) = e(ut(eu')).
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Observe that a left bialgebroid carries in total four A-module structure, because one also
has

aru<d:=un(a®a)=us(a)t(a)
and we will denote this situation by » U <.

Definition 2.31. Let U be a left A-bialgebroid, we define the Galois map of U by
B: 2w U®@por Ug > Uq R4 U, U @pop V> U1) DA U2)V,
where u(1) and u(z) are the first and second components of A(u), and
» U®per Uq =U @U/span{aru®@v—u®v<a:a€ Aju,veU}.
In this way, we will say that U is a left Hopf algebroid if [ is a bijection.

Now we are in conditions to see the canonical left Hopf algebroid structure on Ua L of
a Lie-Rinehart algebra L. The source and targets maps, are given by the inclusion of A in
Ua L. In this way,

avu<a = aua

We write U LQY UA L :=Ua L« @A » Ua L, and Up L xYUaL:=UarL xa Ua L for the

Takeuchi product. We can define the coproduct on generators as

Alr) =1V z+2 Y1,
Ala) =a®Y1,

which maps @ € A and z € L into Ua L xY Ua L and can be extended by the universal

property to a coproduct
A: UsL—UsLxYUsLCUsAL®YUAL.
The counit is similarly given by extension of the anchor map a to Ua L, more precisely,
by
e(u) = a(u)(1a),
so in particular €(a) = a if a € A and ¢(x) =0if z € L.

We write now Uy L& UA L := » Ua LQaorUa L « , and Ua LxUa L :=Ua LxaopUa L.
We define on generators in Ua L @ Ua L

ay @a_ =a®"1

L@z =2z@l1-1@" .
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In this way, we define amap 37! (—®Y1): U — Ua L&' Ua L. This map stay in Ux Lx"Us L
which is an algebra through the product of Ua L in the first and its opposite in the second
tensor factor. By universality we obtain a map Ua — Ua L X" Ua L C Ua L @ Ua L, and
then 87! is defined by

B u®Yv) =uy @ u_v.
Since the map 87! is well defined, Ua L is a left Hopf algebroid.

Conversely, certain left bialgebroids give rise to Lie-Rinehart algebras:

Proposition 2.32. Let (U, A, s,t,A,€) be a left algebroid with A commutative and s
Therefore, the module P'U = {u € U : A(u) = u®1+1®u} is a Lie-Rinehart algebra over
A.

Ii
o

Proof. We just have two remaining A-module structures on U, denoted by au := s(a)u and
ua := us(a). The coproduct is a map A: U — U ®Y U, where we use again the same
notation as above. The natural Lie algebra structure is [u,u'] = uu’ — v'u, which is closed
in P‘U. We have that A(au) = au ®Y 1 + 1 ®Y au for u € P*U, which is an A-submodule.
The anchor map is given by the Lie algebra action

a(u)(a) = e(ua) =: u(a).

To see the last property, let a,b € A and u,u’ € U,

([u, au'])(b) = €(u(ar’ (b)) — au’(u(b))
= u(a)u'(b) — a([u,w])(b)
= (u(a)u’)(b) — (afu,u]) (D).

Since b was arbitrary, the proof is complete. O

2.4 Lie—Rinehart Superalgebras

As in many algebraic and geometric structures, we have a definition of a Lie-Rinehart
superalgebra. We will give some examples of Lie-Rinehart superalgebras and we will also

give the definition of the universal enveloping superalgebra.

Definition 2.33. A superalgebra is a Zs-graded algebra, that is, a direct sum A = Ay P A,
of two subspaces Ag and A; that satisfy A;A; C A,1; for all 4,5 € Zy. We have a map
|- ]: (Ap U A1)\{0} — Zo which sends the elements of Ay to 0, and the elements of A; to
1, and we can extend this map by linearity to the whole space A. We call the elements of

Ao U Ay homogeneous. We say that a superalgebra A is commutative if

yx = (—1)=! gy, for all x,y homogeneous in A.
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A Lie superalgebra is a superalgebra whose product satisfies the conditions of super skew-

symmetry and super Jacobi identity,

[z, 9] = (1)1 [y, ],
[,y 2]] = [[2.9], 2] + (=) [y, [z, 2],

for all =,y homogeneous in A. If L is a Lie superalgebra, an endomorphism D € End(L); is

called a derivation of degree s, for s € Zy, if
D(zy) = D(x)y + (—1)*1"lzD(b), for all z,y homogeneous in A.
One verifies that Der (L) = Der (L) @ Derk (L), is a Lie superalgebra.

Definition 2.34. Let A be a supercommutative, associative, unital K-superalgebra, and
let L be a Lie superalgebra over K which is also an A-module. Assume that we are given
ar: L — Derg(A) a morphism of Lie superalgebras (i.e. a morphism of Lie algebras such
that conserve the subspaces) and of A-modules. We say that L is a Lie—Rinehart superalgebra

over A if for all a € A and x,y € L, we have
[z, ay] = afz, y](-D)!I* + o (z)(a)y.

Example 2.35. Let A be a supercommutative, associative, unital superalgebra and let g
be a Lie superalgebra. Assume that there is a Lie superalgebra morphism «: g — Derg (A).

The Lie superalgebra L = A ® g with Lie bracket
la@z,b@y] = (—1)""ab @ [z,y] + aa(z)(h) ® y — ba(y)a @ z(—1)1*HIED D,

where a,b € A and z,y € g, is a Lie-Rinehart superalgebra extending the map « to an

A-module morphism ay,: L — Derg (A).

We can define the universal enveloping superalgebra of a Lie-Rinehart superalgebra in

the same way as we did for Lie-Rinehart algebras.

Definition 2.36. Let L a Lie-Rinehart superalgebra over A. The universal enveloping
superalgebra, denoted by Ua L, is the K-superalgebra generated by the symbols i(z) for
each z € L and j(a) for each a € A, satisfying
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As in the case of Lie-Rinehart algebras, it can be defined a filtration and the PBW

theorem is also true as we can see in [6].

Example 2.37. Let K = R and M a paracompact smooth supermanifold ([20]) over K.
Doing like in Example with A = C°(M), the superalgebra L = Derg (C*°(M)) is
a Lie-Rinehart superalgebra with anchor map the identity, and the universal enveloping

superalgebra is the superalgebra of differential operators over M.

Example 2.38. Let Ly be a Lie-Rinehart algebra over A and let Ly be a Lie-Rinehart
algebra over B. We define

Lags =BRLr PARLg.
Then, Lagp is an A@B-module. We define now an A ® B-module morphism apgp: Lags —
Derx (A ® B) by
are()(a®b) = ap, (z)(a) ® b,
aaeB(y)(@®b) = a® ap, (y)(—1)1W,
foralla € A,be B, x € Ly and y € L. We also define a Lie bracket in Lagp extending the

particular Lie brackets and [La, Lg] = 0. In this way, Lagp is a Lie-Rinehart superalgebra

over A ® B with anchor map aags.

2.5 Restricted Lie—Rinehart Algebras

In many cases when we study Lie algebras over a field of prime characteristic we are led to
consider a richer structure than an ordinary Lie algebra. In this section, K will be a field of

characteristic p prime.

Definition 2.39. A restricted Lie algebra (L,(—)Pr]) over a field K is a Lie algebra L
together with a map (—)[pL] : L — L, called the p-map such that the following relations hold

kPl — kpx[pL]7

[m7y[pL]} = [[[xﬂl/]vyL 7y]7
p

(z +y)lPr] = glped 4 ylee] 4 Zsi(%y),
i=1
where is;(z,y) is the coefficient of A\*~! in ad’/(;l_y(x). The motivation of this definitions can

be found in [17].
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Let K be a field of characteristic p # 0, and A a unital K-algebra. If D € Derg(A), it

follows the formula .

p . s
DP(ab) = D'(a)DP7*(b
@ =3 (7)o,
for all a,b € A. Since the characteristic of K is p we get

DP(ab) = aDP(b) + DP(a)b,

which means that DP € Derg(A), so (Derg(A), (—)P) is a restricted Lie algebra. Moreover,
we can get the relation

(aD)? = a?DP + (aD)?~(a)D,
so we are naturally led to the following definition.

Definition 2.40. A restricted Lie-Rinehart algebra over A is a restricted Lie algebra over
K, (L,(—)Pz]), where L is a Lie-Rinehart algebra over A, the anchor map also conserves
the operation (—)IPz! (i.e. is a restricted Lie homomorphism), and the following relation
holds:

(az)[pL] N A (az)?~(a)z,
for all @ € A and = € L.
Example 2.41. As we have seen, Derg (A) is a restricted Lie-Rinehart algebra.

Example 2.42. Any restricted Lie algebra over K is a restricted Lie-Rinehart algebra over

K with trivial anchor map.

Example 2.43. If g is a restricted Lie algebra with a homomorphism of restricted Lie
algebras 7: g — Derg(A), then the transformation Lie-Rinehart algebra A ® g can be

endowed with a restricted Lie-Rinehart algebra structure, with bracket
la®g,d ®g]:=ad @g,9]+ay(g)(d') @ g' —a'v(g)(a) ® g,
anchor map ay: L — Derg(A),
ag(a®g)(a’) = ay(g)(d)

and p-map
(Cl ® g)[PL] =a’® g[PL] _ (a,}/(g))P—l(a) ®9,

where a,a’ € A and g,¢' € g.
Example 2.44. Let F' : K be a purely inseparable field extension of exponent 1. Then,

there is a one-to-one correspondence between intermediate fields and restricted Lie-Rinehart

subalgebras of Der i (F), seen as a restricted Lie-Rinehart algebra over F.
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Since a restricted Lie-Rinehart algebra is in particular a Lie-Rinehart algebra, one can
construct the universal enveloping algebra in the way of this chapter, and in [9] can be found

a variant of Corollary

Theorem 2.45. Let L a restricted Lie—Rinehart algebra over A and free as an A-module.

If {z;,i € I} is an A-basis of L, then the set

hi _hs hy ki ko k.
{Zil Riy TRy, Ly Lyy Ty }

where iy <y <---ip, by >0,0<k; <p and z; = ¥ —;vEpL], is an A-basis of L.

Moreover, one can define an analogue of the universal enveloping algebra on restricted

Lie-Rinehart algebras.

Definition 2.46. Let (L, (—)[Pz]) be a restricted Lie Rinehart algebra, we define the re-
stricted universal enveloping algebra as the quotient Ua L/I, where I is generated by the
elements {z? — acgp L]}. This algebra, follows the same universal property as the universal

enveloping algebra of Lie-Rinehart algebras, but with restricted morphisms.
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Chapter 3

Homology and Cohomology

3.1 Lie Algebras Homology

In this section we will introduce the Lie algebra homology and cohomology theory in order
to extend it to Lie-Rinehart algebras in the next section. The proofs of these classical results

can be found in [29)].

Definition 3.1. Given a K-module M, the free Lie algebra on M is a Lie algebra F(M),
containing M as a submodule, which satisfies the following universal property: Every K-
module map M — L into a Lie algebra, extends uniquely to a Lie algebra map F(M) — L.
In other words, as a functor F is left adjoint to the forgetful functor from Lie algebras to
modules
Hom g —mod (M, L) = Homy,;o(F(M), L).

Example 3.2. The free Lie algebra of the free K-module with one generator z, is the
1-dimensional abelian Lie algebra K. The free Lie algebra of the free K-module with two

generators {z,y} is the free K-module having an infinite basis of monomials

,y. [z, y), [z, [z, 9], [y, [, 9], [, [, ol [ [y, s 9l]) [ [y, s )]
Definition 3.3. The exterior algebra of an K-module N, is the graded K-algebra
Ak (N) = TN)/T

where T'(N) is the tensor algebra and I is the ideal generated by the symbols n ® n for all
n € N. We denote by A% (N) his object of degree p.

Definition 3.4. If L is a K-Lie algebra and M is a Lie module over L, we define the chain

complex
Chie(L, M) :=MeAL(L), n>0,

29
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with boundary map

d: CYe(L, M) — C¥e (L, M),

defined by

n

Ome (z1,...,20)) = > (1) Vame (x1,..., 5, 2p)
i=1

j+k A .
+ E D™ m @ ([, xk], 15 Ty oo oy Thy ooy ),
<k

where x1,...,2, € L,m € M.

In this way, the Lie homology is defined by
HY(L,M) = H,(CY*(L,M)), n=>0.

Definition 3.5. If L is a Lie algebra and M is a Lie module over L, we define now the

cochain complex

Clie(L; M) := Homg (AR L, M), n >0,

with coboundary map

§: Cfi (L, M) — Ol (L, M),

defined by

n

O @1, wn) =Y (DD ai(f(r,. iy wn))

i=1

+h . .
—|—E VYR (g, xR, e, ., Dy By T,
j<k

where 21,...,7, € L,m € M, f € C" YL, M).

In this way, the Lie cohomology is defined by
H{}ie(Lw/\/l) :Hn(cfie(L7M))a TLZO

Another way to see the Lie homology, is by the derived functors. If M is a L-module

which is K-projective, it can be seen in [29] that

H,y'(L, M) = Torl) (K, M),
H{;Lie(lﬁM) = EXtTLlJL(KaM)'

where U L denotes the universal enveloping algebra of the Lie algebra L.
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Proposition 3.6. Let L = F(X) be the free Lie algebra on a free K-module generated by a
set X. Then

HYe(L,M) =0, n>1,
H\.(L,M) =0, n > 1.

In addition, if M = K, then HY*(L,K) = H?, (L,K) =0 and

HY(L,M) = P K,

rzeX

Hp (L, M) = [] K.

reX
Now we will describe the low homology of Lie algebras. By definition,

M

H(I;ie(L,M) :ML = MOL7

is the module of coinvariants of M, where M o L means the K-submodule of M generated

by mx, x € L,m € M. In the same way, the invariant K-submodule of M is
Hio(L,M) = MY = {m € M | zm =0 for all 2 € L}.

Proposition 3.7. If M is any trivial L-module (i.e. xm =0 for allm € M and x € L),
then HFe(L, M) = L*> @ M.

Definition 3.8. If M is a L-module, a derivation from L into M is a K-linear map

D: L — M such that the Leibniz formula holds

D([z,y]) = z(Dy) — y(Dx).

The set of all derivations from L into M is denoted by Derg (L, M) and it is a K-submodule
of Homg (L, M).

An inner derivation is a derivation of Derg (L, M) which is defined by D,,(z) = zm.
They form K-submodule Derg (L, M) and it is denoted by IDerg (L, M).

Proposition 3.9. If M is a L-module,

Derg (L, M)

1 &=
Hy;o(L,M) = IDerg (L, M)’

Corollary 3.10. If M is a trivial L-module,

Hl (L, M) 2 Derg (L, M) 22 Hompio (L, M) 2 Homg (L*", M).
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Definition 3.11. Let L be a Lie algebra and let M be a L-module considered as an abelian

Lie algebra. An abelian extension of L by M is an short exact sequence
0—=M-r 2L —o,
where L’ is a Lie algebra, i is an K-linear map.

Proposition 3.12. Let L a Lie algebra and M o L-module. There is a one-to-one corre-

spondence between HE,, (L, M) and abelian extensions of L by M. In addition, the extension
0 —M—>LxM-—L—0

represents the 0 € HE, (L, M).

Definition 3.13. A central extension of a Lie algebra L is a short exact sequence
0—1-EF-L25L—0,

where we identify I with Kerp, and KerP C Z(E) = {zr € E : [z,y] = O0forally € E}.
In this way, an extension of L is an surjective Lie homomorphism p: E — L such that
KerpC Z(E). If p: E— L and p': E' — L, a homomorphism from p to p’ is a commutative
diagram of the form

f

E————F'
N S
L

A central extension u: £ — L is called universal if there exists a unique homomorphism from
u to any other central extension of L. If L has a central extension, if follows immediately

that is unique.

Theorem 3.14. A Lie algebra L has a universal central extension if and only if L is
perfect (i.e. L = [L,L]). In this case, if u: L — L is the central extension, we have that
Keru = H}¢(L, K).

3.2 Lie—Rinehart Algebras Homology

Now we will generalize the previous section to Lie-Rinehart algebras.

Definition 3.15. We recover from [5] the definition of the free Lie-Rinehart algebra. Let
amod/Derk(A) be the category of K-linear maps t: M — Derg(A) where M is a K-
module. A morphism ¥ — 11 in smod/Derk(A) is a K-linear map f: M — N such that
¥ = ¥1 f. We have the functor

U: LRax — amod/Derk(A),



3.2. LIE-RINEHART ALGEBRAS HOMOLOGY 33

which assigns ar,: L — Derg(A) to a Lie-Rinehart algebra L. We construct the functor
FR: aomod/Derk(A) — LRak,

as follows. Let ¢: M — Derk (A) be a K-linear map. We let F(M) be the free Lie K-algebra
generated by M. Then we have the unique Lie K-algebra homomorphism F(M) — Der g (A)
which extends the map v, which is still denoted by . Now we can apply the construction
from Example [1.8|to get a Lie-Rinehart algebra structure on A ® F(M). We let FR(¢)) be
this particular Lie-Rinehart algebra and we call it the free Lie—Rinehart algebra generated

by 1. In this way, we obtain the functor FR, which is left adjoint to U,

HomAmod/DerK(A) ('(/}7 aL) = HomLRAK (FR(¢)7 L)

Definition 3.16. If L is a Lie-Rinehart algebra over A and M is a right (A, L)-module

over, we define the chain complex
CML,M) = M@ AR(L), n>0,

with boundary map
9: Cp (L, M) — Ca_ (L, M),
defined by

n

O(m@a (x1,...,20)) = > (-1 D ma; @4 (1.0, i, .., )

i=1

+ Z(_l)j—s-k mQa ([zj, xk], 21, D5, Ty ooy Tn),
j<k
where x1,...,2, € L,m € M.
In this way, the Lie—Rinehart homology is defined by

HE™L, M) = H,(CH (L, M)),  n>0.
Definition 3.17. If L is a Lie-Rinehart algebra and M is a left (A, L)-module, we define
now the cochain complex
CR(L, M) := Homa (AR L, M), n >0,
with coboundary map
§: Cy (L, M) — CR(L, M),
defined by

n

G @1, wn) =Y (D Vi (f(zr,. iy wn))

i=1

+ Z(—l)j‘H’“ [z, ze), 21, . L5, Thy oo, X)),
i<k
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where x1,...,2, € Lym € M, f € CY (L, M).
In this way, the Lie—Rinehart cohomology is defined by

Another way to see the Lie cohomology, is by the derived functor Ext. If M is a left
(A, L)-module which is A-projective, it can be seen in [I4] that

Hg;, (L, M) = Ext(), (A, M).
where Ua L denotes the universal enveloping algebra of the Lie-Rinehart algebra L.

Example 3.18. If A = K, then we recover the classical definition of the Lie algebra
homology and cohomology. For a general A by forgetting the A-module structure one obtains

the canonical homomorphisms
Hrlfie(LvM) %Hsin(L’M)» ngin(LvM) %Hﬁie(L’M)

On the other hand if A is a smooth commutative algebra, then Hf; (Derg(A), A) is isomor-

phic to the de Rham cohomology of A (this results can be found in [14] and [28]).

Lemma 3.19. Let g be a K-Lie algebra acting on a commutative algebra A by derivations
and let L be the transformation Lie—Rinehart algebra of (g, A) defined in Example . Then
for any Lie-Rinehart (A, L)-module M we have the canonical isomorphisms of complezes
CA(L,M) = CEe(g, M), CR(L, M) = Cp (9, M) and in particular the isomorphisms
H™(L, M) = Hy (g, M),
Hﬁin(L’ M) = Hgie(ga M)

Proof. Since L = A ® g we have the isomorphisms

ARL @A M= Ajgoa M
Homa (A L, M) = Hom(A"g, M)

and the proof is straightforward. O

Proposition 3.20. Let L be a free Lie-Rinchart algebra generated by : N — Derg(A)
and let M be any Lie—Rinehart (A, L)-module. Then

HR (L M) =0, n>1,
HE (L,M) =0, n> 1.
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Proof. By construction L is a transformation Lie-Rinehart algebra of (F(A),A). Thus
we can apply Lemma to get the isomorphisms HX®(L, M) = HY¢(F(N), M) and
HpE (L, M) = H (F(N), M) so the proof follows by Proposition O

Now we will describe the low homology of Lie-Rinehart algebras. By definition,

M
 MolL’

is the module of coinvariants of M, where M o L means the K-submodule of M generated

Hy™(L, M) = My,

by max, for all m € M and x € L. In the same way, the invariant K-submodule of M is
HRn(L,M) = MY = {m e M |ma =0forall z € L}.

Proposition 3.21. If M is any trivial right (A, L)-module, then

‘ M®a L
Rin ~
H(L, M) = M@a{L,L}

Definition 3.22. If M is a left (A, L)-module, we denote by Dera (L, M) the A-linear maps
D: L — M which are derivations from the Lie K-algebra L to M. In other words, the map

~ 12 @ M.

D must satisfy
D(ax) = aD(z)D([z,y]) = z(Dy) — y(Dx).

for all a € A and z,y € L.

An inner derivation is a derivation of Dera(L, M) defined by D,,(z) = zm. The K-
submodule of inner derivations is denoted by IDerp (L, M) and it is a K-submodule of
Dera (L, M).

Proposition 3.23. If M is a left (A, L)-module,

Dera (L, M)
1 ~
Higin (L, M) = IDerp (L, M)’

Corollary 3.24. If M is a trivial left (A, L)-module,
HEi (L, M) = Derp (L, M) 2 Homgi, (L, M) 2 Hom (L*?, M).

Definition 3.25. Let L be a Lie-Rinehart A-algebra and let M a left Lie-Rinehart (A, L)-

module. An abelian extension of L by M is an exact sequence
0—-M-"r 2 0,

where L’ is a Lie-Rinehart algebra over A and 9 is a Lie-Rinehart algebra homomorphism.

Moreover, i is an A-linear map and the following identities hold

[i(m),i(n)] = 0,
[i(m), 2] = (8(z")) (m), m,neM, 2’ € L.
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The classification of abelian extensions can be found in [14].

Theorem 3.26. If L is A-projective, then the cohomology Hg;, (L, M) classifies the abelian

in

extensions

0 —>M—>L —>L—0

of L by M in the category of Lie-Rinehart algebras which split in the category of A-modules.
Moreover, the extension

00— M—LxM-—L—0

represents the 0 € H3, (L, M).



Chapter 4

Universal Central Extensions and

Tensor Product

In this chapter we will give the construction of the Universal Central Extension of a Lie—
Rinehart algebra and we will give a definition of the non-abelian tensor product to end

relating these two objects.

4.1 Central Extensions
Definition 4.1. An eztension of a Lie-Rinehart algebra L is a short exact sequence
0—I-5FE-2L—0,

where I, E and L are Lie-Rinehart algebras and ¢,p are Lie-Rinehart homomorphisms.
Since ¢: I — i(I) = Kerp is an isomorphism we shall identify I and (/). In other words,
an extension of L is an surjective Lie-Rinehart homomorphism p: £ — L. If p: E — L
and p’: B/ — L are two extensions of L, a homomorphism from p to p’ is a commutative
diagram in LRak of the form

f

EF———F'
L

In particular, one have the following relations

Ker f C f~(Kerp') = Kerp,
E' = f(E) + Kerp'.

37
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Definition 4.2. Given an extension, one says that splits if there exists a Lie-Rinehart
homomorphism s: L — FE, called splitting homomorphism, such that ps = 1. In this case,
E=I®s(L)and s: L — s(L) is an isomorphism with inverse f|s(L). Moreover, K ~ I x L,
the semidirect product. In this way, semidirect products and split exact sequences are in a
one-to-one correspondence. We point out that not every extension splits. We shall say that

an extension splits uniquely whenever the splitting morphism is unique.

Definition 4.3. A central extension of L is an extension such that Kerp C Zx(E). In
S

particular, if p: E 9 L is a split central extension is a direct product of K-Lie

algebras F = Kerp x L, which is also a Lie-Rinehart algebra.

Proposition 4.4. If L is A-projective, then H3; (L,I) classifies the central extensions
0—I—F—L—0
of L by I.

Proof. Note that, if I is a trivial left Lie-Rinehart (A, L)-module, then an abelian extension
of L by I is a central extension, and so the assertion follows by Proposition [3.26] O

Definition 4.5. A Lie-Rinehart algebra over A is said perfect if L = {L,L}. A central

extension F of L is called a covering if E is perfect and in this case, L is also perfect.

Definition 4.6. A central extension u: £ —» L is called universal if there exists a unique
homomorphism from u to any other central extension of L. From this property it immediately

follows that two universal central extensions of L are isomorphic as extensions.
Lemma 4.7. (central trick) Let p: E — L be a central extension.
(a) Ifplx) = p(a’) and ply) = p(y’) then [w,3] = [¢', ] and for every a € A, x(a) = o/(a).

(b) If the following diagram commutes in LRAk,
thzEJ;L
then the restriction of both f and g to {P, P} agree; i.e., flip,py = 9lip,p}-

Proof. (a) Since p(z) = p(x’), we have that 2’ = z + z for some z € Kerp C Z5(E), and the
same for ¢y = y + z’. In this way, [2/,¢y'] = [t + 2,y + '] = [z,y] since z,2" € Zo(E). In
addition, since p is a Lie-Rinehart homomorphism, the action on Der x (A) must be preserved
so z(a) = z(d’) for all a € A.

(b) Since p(f(z)) = p(g(x)), using part (a), we have

flalz,y]) = alf(z), f(y)] = alg(z), 9(y)] = g(alz,y]).
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Lemma 4.8. Let L be perfect and p: E — L be a central extension.
(a) E={E,E}+Kerp, and p’' = pig py: {E, E} — L is a covering.
(b) Za E=p~'(Za L) and p(Za E) = Za L.

(c) If f: L — M is a central extension then so is fp: E — M.
(d) If f: C — L is a covering and

E

. c
L
a morphism of extensions, then g: E — C is a central extension. In particular, g

18 surjective.

Proof. (a) Since p({E, E}) = {L,L} = L, it follows that E = {E, E} 4+ Kerp. Moreover,
D{E,E) 1S surjective so it is a covering.

(b) Let z € Za(FE). For every a € A we have that [az, E] = 0, so 0 = [p(az),p(E)] =
lap(2), L] then p(z) € Za(L) and in conclusion z € p~'(Za(L)). Conversely, let z €
p1(Za(L)), for every a € A we have that p([az, E]) = [ap(z), L] = 0 so [az, E] C Kerp C
Za(E). Since [az,E] = [az,{E,E} + Kerp] = [az,{E, E}] we just have to check that
[az,{E, E}] is zero. Therefore, by the Jacobi identity and since z(b) = 0 for all b € A,
[az, b[z,y]] = b[az, [x,yﬂ = b[x, [az, y]] + b[y, [z, azH =0.

(¢) The morphism fp is composition of surjective maps, so it is surjective. Moreover,
Ker fp =p~'(Ker f) C p~"(Za(L)) = Za(E).

(d) By Lemma [£.7[b) we have that C = {C,C} = {g(E) + Ker f,g(E) + Ker f} =
{9(E),g(E)} = g({E, E}), so it is surjective. In addition it is central since Kerg C Kerp. [

Corollary 4.9. Let L a Lie-Rinehart algebra. If L] Za L is perfect, then Za(L/Za L) = 0.

Proof. We are in conditions to apply the second formula of Lemma b) to the canonical
map p: L — L/Za(L). Then, Za (L/Za(L)) = p(Za(L)) = 0. O

In particular for a perfect L this corollary says that L/ Za (L) is the “smallest” central

quotient.

Lemma 4.10. (Pullback Lemma) Let c: N —» M be a central extension and f: L — M

a morphism of Lie—Rinehart algebras, then,

P:={(x,n) € L Xper,e(a) N : f(z) = c(n)}
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is a Lie-Rinehart algebra and p,: P — L, (x,n) — x, is a central extension. This extension
splits if and only if there exists a (unique) Lie—Rinehart morphism h: L — N such that
ch=f.

PN
4 G
s:|pL ic
. h
L?M

Proof. The pullback P inherit the canonical Lie-Rinehart algebra structure, and py is a
central extension since it is clearly surjective and if (z,n) € Kerpy, then x = 0 and ¢(n) = 0,
so [a(0,n), (y,m)] = ([0,y], [an,m]) =0 for all y € L and m € N.

If pr, splits we define h = py o s. Conversely, given h: L — N we define s: L — P such
that & — (z,h(z)). We will see now that s is a Lie-Rinehart algebra morphism checking

that it is a Lie morphism, an A-modules morphism and the anchor map is conserved:

o s(lz,y)) = ([, 9], h([z,9]) = [(2, (), (v, h(y))] = [s(x), 5(9)];
o s(az) = (az, h(az)) = a(z, h(z)) = as(x),
o s(z)(a) = (z,h(2))(a) = h(z)(a),
for all a € A and z,y € L. O

Theorem 4.11. (characterization of universal central extensions) Given a Lie-

Rinehart algebra L, there are equivalent:
(1) Every central extension L' — L splits uniquely.

(2) 1p: L — L is a universal central extension.

If u: L — M s a central extension, then and are equivalent to
(8) u: L — M s a universal central extension of M. In this case,

(a) both L and M are perfect and

(b) ZAL:u_l(ZAL) =7A M.

Proof. Clearly 1, is a central extension so to see that (1) is equivalent to (2), it is enough
to see that every central p: L' — L splits uniquely if and only if there exists a unique
homomorphism f: L — L’ such that pf = 15, which is the definition of 1, being a
universal central extension.

Suppose now that (3) holds. Let L x L/{L, L} be the product as Lie algebras over K. It

inherits also the A-module structure, since {L, L} is also an A-module. The only problem
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is the equality relating the A-module structure and the Lie algebra, but we will see that in

this case it is also conserved, so it is a Lie-Rinehart algebra over A.
[(z,y +{L,L}),a(@’,y’ +{L, L})] = (alz,2'],0) + (z(a)a’, 0),

and

al(z,y +{L,L}), («',y" + {L,L})] = (a[z,2"],0),

(@, y +{L, L})(a)(2",y" + {L, L}) = (x(a)2’, 2(a)y’ + {L, L})
= (2(a)a’, [z, ay'] — alx,y'] + {L, L})

L M

LX L/{L,L}

where f(z) = (x,z+ {L,L}) and g(z) = (,0). Since u is universal, f and g must be equal,
so L/{L,L} = 0 so L is perfect. By the surjectivity of u, M is perfect too. The assertion
(b) is an immediate consequence of Lemma [£.8|b).

We can prove now that (3) = (1), since given a central extension f: L’ — M we can
apply Lemma c) so uf is a central extension too. By the universality of u, there exists
f: L — L’ such that ufg = u and by Lemma (b) we have that fg=1p.

To see that (1) = (3), given a central extension f: N — M we construct as in Lemma
the central extension py: P — L, which by assumption splits uniquely. Therefore
by Lemma there exists a unique Lie-Rinehart morphism h: L —» N sou: L — M

is a universal central extension. O

Corollary 4.12. Let f — E — L and g — L — M be central extensions. Then

gf: E — M is a universal central extension if and only if f is a universal central extension.

Proof. Since F is perfect, we can apply Lemma ¢) so the extension g f is central. Hence,

f is universal if and only if 15: E — E is universal, if and only if gf is universal. O

Corollary 4.13. Let L and L' be perfect Lie—Rinehart algebras, with universal central

extensions u: L — L and u': L' — L' respectively. Then

L)ZA(L) 2 L'/ Za(L) < L[



42 CHAPTER 4. UNIVERSAL CENTRAL EXTENSIONS AND TENSOR PRODUCT

Proof. Given the diagram

- L = L/ZA(L)

L — L/ Za(L)),

we know that ¢ exists and is an isomorphism if and only if ¢ exists and is an isomorphism.
By Corollary the maps mu and 7'u’ are universal central extensions and since L/ Za (L)
is isomorphic to L'/ Za(L'), by the uniqueness of the universal central extension, £ = L'
Conversely, by Corollary[1.9 L/ Za (L) is centreless. By Lemma[4.8|(b) Z (L) = Ker(ru) and
ZA(L') = Ker(7'v'). Therefore, Ker(n'w'¢) = ¢~ (Ker(7't')) = ¢ (Za(L")) = Za(L) =

Ker(mu). Since mu and 7'u’¢ are surjective, ¢ exists and is an isomorphism. O

4.2 The Universal Central Extension

In this section, we will prove that if L is a perfect Lie-Rinehart algebra over A it has a
universal central extension, and we will give it explicitly.

Let L be a Lie-Rinehart algebra over A. We denote by MaL the A-submodule of
A ®x L ®k L spanned by the elements of the form

l.a®@xr®x
2.azQy+aRQyQ
3.a@z@[y,2] +aRy® [z,2] +a® 2 ® [z,1]
4 a®z,yl @2y +zylla) @’ @y - 1@ [r,y] @alz’,y]
with z,2’,y,y’,z € L and a € A, and we define
uceal (= A®x L ®K L/MpL.

writing (a,2,y) ;= a®@x @y + MaL € ucep L.

We recall that by construction, the following identities hold in uces:
L (a7 Zz, y) = *(CL, Y, I)?
2. (a,z,[y,2]) + (a,y,[2,2]) + (a, 2, [z,9]) =0,

3. (L [z, 9], ale’, o']) = (a, [,9], [+, y/]) + ([z,9](a), 2",1/).



4.2. THE UNIVERSAL CENTRAL EXTENSION 43

The map of A-modules A ®x L @ L — L, determined by (a,x,y) — alz,y], vanishes

on MaL so it descends to a linear map
u: uceall — L.

It is a tedious but straightforward calculation to check that uces L is a Lie algebra with

product

[(a,2,9), (a',2",)] := (ad', [, ], [2",']) + (alz, yl(a), 2", ) = ([2, ') (a)d’, 2, y),

In addition, it is clearly an A-module, so defining the anchor map as

(a,2,y)(b) = alz, y](b),

we check that uces L is a Lie—Rinehart algebra watching if it follows the identity relating

both structures:

[(a,2,y),b(a’, ', y")] = (aa'b, [, y), [, y/]) + (alz, y)(a'b), 2", ") — ([2",y')(a)ab, )

= b(ad’, [z, ], [+',y']) + blalz,yl(d'), &', y") = b([2, '] (a)a’, 2, y) + (ad [z, y] (b), ", 1))

=bl(a,z,y), (a,2",y")] + alz, Yl (0)(d, ', /).

Moreover, it is easy to check that the map u: uceaL — {L, L} is a central extension
of {L,L}. Now let f: L — M a Lie-Rinehart algebra homomorphism. Let MaM € A @
M ®x M defined analogously to Ma L. The map 1p ®k f ®k f: MaL — MaM induces an

A-linear map
ucep(f): uceal — uceaM, (a,z,y) — (a, f(z), f(y)).

We want to check that ucea(f) is a Lie-Rinehart algebra morphism, but since the anchor

map is preserved by f, we have that

alz,y)(d') = flalz,y])(a’) = alf(z), f(y)l(d),

so it follows that

ucea(f)([(a,z,y), (a',2",y")])
= (ad’, f([z,9]), f([2",y'])) + (alz,y] (@), f(2"), F(y)) = ([, y'](@)d’, f(=), f(y))
= [ucea(f)(a, z,y), ucea(f)(a', 2" y)]-

Moreover, the following diagram commutes by construction

uceal % ucea M

L M.
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Proposition 4.14. Let f: L — M be a morphism of Lie-Rinehart algebras and suppose
that g: M’ — M s a central extension. Then there exists a homomorphism f: uceal — M’

making the following diagram commutative

uceALf—>M’

(I

The map § is uniquely determined on {ucep L,ucea L} by the commutativity of the diagram.

Proof. Let s: M — M’ be a section of g in Set. The map s may not be linear but we know
that s(km) — ks(m) € Kerg C Za(M') and s(m +n) — s(m) — s(n) € Kerg C Za(M') for
k € K and m,n € M. Using this, we can say that the map

AxLxL -1y
(a,z,y) — a[sf(x),sf(y)],

is bilinear, since

alsf(kx),sf(y)] = alsf(kx) — ksf(x) + ksf(z),sf(y)] = alksf(z),sf(y)],

als(f(@ +1)),sf(2)] = als(f(@) + W) = s(f@)) = s(F W) + 5(f(2)),sf(2)]
=a[sf(x),sf(2)] + alsf(y), sf(2)].

By the universal property of tensor product, f defines a unique map between A® x L® i L and
M'. In addition, the map is zero in Ma L, so it can be extended to f: ucea L — M’, making
the diagram commutative. This map conserves the anchor map because the section s must
conserve it too. Using the property that alz,y](a’) = f(a[z,y])(a’) = a[f(z), f(y)](a’), it
follows immediately that f is a Lie algebra homomorphism hence it is a Lie-Rinehart algebra
homomorphism, that makes the diagram commutative. The uniqueness in {uces L, uces L}

follows from Lemma [4.7(b). O

Theorem 4.15. Let L be a perfect Lie—Rinehart algebra. Supposing that A has a right
(A, L)-module structure, then

0 — H¥MY(L,A) — ucealL — L — 0
is a universal central extension of L.

Proof. It can be seen that ucea ({L,L}) C {uceaL,ucea L} C ucepa L. Thus when L is perfect,
{uceaL,ucep L} = ucea L, so applying Proposition for every central extension f: M —»
L we have a unique map f: ucea L — M making the diagram commutative. In other words,

ucea L is the universal central extension of L. O
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4.3 Non-abelian Tensor Product

In Lie algebras, the non-abelian tensor product was introduced by Ellis in [10]. We will give
first the definition in Lie algebras and then we will generalize it to Lie-Rinehart algebras,

finding some properties and relating it to the universal central extension.

Definition 4.16. Let L, M be K-Lie algebras. By an action of L on M, we mean a K-linear

map, L x M — M, (z,m) — *m, satisfying
otli = z(ym) - y(xm)v m[m’n] = [zm’ Tl] + [mvm ﬂ},
for all x,y € L and m,n € M.

For example, if L is a subalgebra of some Lie algebra £ and M is an ideal of £ then the
bracket in £ yields an action of L on M.

Definition 4.17. If we have an action of L on M and an action of M on L, for any

Lie-Rinehart algebra £ we call a K-bilinear function f: L x M — L a Lie pairing if
L f(lz,yl,m) = f(z,Ym) = f(y,"m),
2. f(z,[m,n]) = f("x,m) = f("z,n),
3. f("x),("n)) = ~[f(z,m), f(y,n)],

for all x,y € L and m,n € M.

We say that a Lie pairing f: L x M — L is universal if for any other Lie pairing

g: L x M — L' there is a unique Lie homomorphism ¢: £ — £’ making commutative the

diagram:
LxM—7
\ ltp
g
L.

The Lie algebra £ is unique up to isomorphism which we will describe as the non-abelian

tensor product of L and M.

Definition 4.18. Let L and M be a pair of Lie algebras together with an action of L on M
and an action of M on L. We define the non-abelian tensor product of L and M, denoted
by L ® M, as the Lie algebra spanned as an K-module by the symbols z ® m, and subject

only to the relations:

1. k(x@m) =kz®@m =2z Q km,
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2.2@(m+n)=2xdm+zn,
(z+y)@m=z3m+ym,

. [ryl@m=c@Ym—yQ m,

z®[m,n]="z®m—"zn,
4 [(z@m),(yon)] = —("z®"n)),
for every k € K, x,y € L and m,n € M.

Theorem 4.19. Given a perfect Lie algebra L, the tensor product L @ L where the action
of L on L is the Lie bracket, is the universal central extension of L, and hence, Hs(L, K)

is isomorphic to the kernel of the map L ® L — L.
Now we generalize this results to Lie-Rinehart algebras.

Definition 4.20. Let L, M be Lie-Rinehart algebras. By an action of L on M, we mean

an K-linear map, L x M — M, (z,m) — *m, satisfying
1. #(am) = a(*m) + z(a)m,
2. [P¥lm = =(¥ym) — Y(*m),
3. [m,n] = [*m,n] + [m," n],

foralla € A, z,y € L and m,n € M.

For example, if L is a subalgebra of some Lie-Rinehart algebra £ and M is an ideal of

L then the bracket in £ yields an action of L on M.

Definition 4.21. If we have an action of L on M and an action of M on L, for any Lie—

Rinehart algebra £ we call a K-bilinear function f: L x M — L a Lie—Rinehart pairing
if

1. oq;(f(x,m)) = [ar(x), apr(m)],
2. f(lz,yl,m) = f(z,Ym) — f(y,"m),
3. f(.’[?, [m,n}) = f(nxam) - f(mx’n>7

4. f(a(™x),b(*n)) = —ab[f(x,m), f(y,n)] — alar(z), an (M) (D) f(y, n)
+ [aL (y)a 29,7 (n)}(a)bf(:z:, m)a

for all a,b € A, x,y € L and m,n € M.
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Definition 4.22. We say that a Lie-Rinehart pairing f: L x M — L is universal if for any
other Lie-Rinehart pairing g: L x M — L’ there is a unique Lie-Rinehart homomorphism

p: L — L' making commutative the diagram:

f

LxM-———L

\l“’

L.

The Lie-Rinehart algebra £ is unique up to isomorphism which we will describe as the

non-abelian tensor product of L and M.

Definition 4.23. Let L and M be a pair of Lie-Rinehart algebras together with an action
of L on M and an action of M on L. We define the non-abelian tensor product of L and
M in LRak, L ® M, as the Lie-Rinehart algebra over A spanned as an A-module by the

symbols z ® m, and subject only to the relations:
1. k(z®@m) =kx®@m =2z km,

2.2 (m+n)=zx@m+zen,
(+ty)om=z@m+yem,

3. [z, @m=2®Ym—yTm,

x®[m,n]="r@m—"ren,
4. [a(z @m),bly @n)] = —ab(™z @ ¥n) + ac(x @ m)(b)(y @ n) — aly ® n)(a)b(z @ m),

for every k € K, a,b€ A, z,y € L and m,n € M. Here the map a: L ® M — Derg(A) is
given by a(a(z ® m)) := alar(z), aar(m)).

This way, the map f: L Xx M — L ® M which sends (z,m) to x ® m is a universal

Lie-Rinehart pairing by construction.

Definition 4.24. Two actions L x M — M and M x L — L are said to be compatible if
for all z,y € L and m,n € M,

1. —ap(Mz) = am(®m) = [ar(z), ap(m)],
2. ("®p = [n,*m),

for all z,y € L and m,n € M.
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This is the case, for example, if L and M are both ideals of some Lie-Rinehart algebra
and the actions are given by multiplication. We can see another example of compatible
actions when 0: L — N and 0’': M — N are crossed modules. In this case, L and M act
on each other via the action of N. These actions are compatible.

From this point on we shall assume that all actions are compatible.

Proposition 4.25. Let u: LM — L and v: L ® M — M the homomorphisms defined
on generators by p(a(z ® m)) = —a(™z) and v(a(z ® m)) = a(*m) are Lie-Rinehart

homomorphisms and the following diagram is commutative:

LOM ——> M

Ml \ \LQM
L———4 —>Der x(A).

We can relate the Lie-Rinehart tensor product L ® M with the tensor product of L and

M as an A-module. We will denote it by L ® M the K-module and A-module generated

mod

by the symbols x ® m subject to the relations
1. k(z®@m) =kz@m=1z® km,

2.2 (m+n)=zm+zQn,
(z+y)@m=z@m+ym,

for every k € K, x,y € L and m,n € M.

Proposition 4.26. The canonical map L ® M — LM is a A-module homomorphism and
is surjective. In addition, if L and M acrzrf1 trivially on each other, there is an isomorphism
of A-modules:

LoM=L"» @ M,

mod
Proof. If L acts trivially on M we have that z(a)m =0 for a € A,z € L and m € M. This

means that
alz,y)@m=z®a(Vm) + 2z @yla)m —ay ® “m — z(a)y @ m =0
being straightforward the isomorphism. O

Proposition 4.27. The Lie-Rinehart algebras L @ M and M ® L are isomorphic.

Proof. The map f: L x M — M ® L which sends (z,m) — m ® x is a Lie-Rinehart
pairing, then by the universal property of L ® M there is a Lie-Rinehart homomorphism
LM — M ® L. In a similar way, we can construct the inverse M ® L — L ® M and

establish an isomorphism. O
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Proposition 4.28. Given a short exact sequence of Lie-Rinehart algebras

0—>L oy 2N —>p

and let P be a Lie—Rinehart algebra which acts compatibly on L, M and N, and the Lie—
Rinehart algebras L, M, N also act compatibly on P. In addition, the Lie—Rinehart mor-
phisms f,g conserve these actions, i.e., f(Pm) =P f(m) and ™p = I"™p. In this situation,

the following sequence is exact
®1 ®1
LoP 2 pmeor 2 NopP——>0.

Proof. Since f and g conserve the actions is easy to see that f ® 1 and g ® 1 is a Lie-
Rinehart algebra morphism. Furthermore, the morphism g ® 1 is clearly surjective, and
Im(f ®1) C Ker(g ®1). Since fg =0, we have that f(x)(a) =0 for every a € A and x € L.
This means that (f ® 1)(z @ p)(a) = [am (f(2)), ap(p)](a) = 0. Moreover, Im(f ® 1) is an
A-module and conserves the Lie bracket since f and g conserve the actions, so Im(f®1) is an
ideal. Then to prove the other inclusion, we will show that M @ P/ Im(f®1) = N® P. Since
Im(f®1) C Ker(g®1) we have a natural epimorphism ¢: M @ P/Im(f®1) - N ® P. Now
we define the map ¢: N x P — M ®P/Im(f®1) such that ¢(n,p) = m@p+Im(f®1) where
m is such that f(m) = n. It is easy to prove that is a Lie pairing, so by the universality of the
tensor product, there exists a unique Lie-Rinehart morphism @: N@ P - M ®P/Im(f®1),

and it is straightforward that ¢ and ¢ are inverse morphisms. O

Theorem 4.29. Given a perfect Lie-Rinehart algebra L, the tensor product L ® L where
the action of L on L is the Lie bracket, with the additional relation

(alzr,y] @ bla',y']) = ab([z, y] @ [2", y']) — bla", y/'](a) (z ® ) + alz, Y] (b) (=" @ ¢/),
where a,b € A and x,2',y,y’ € L, denoted by LRL is the universal central extension of L.

Proof. Tt is routine to check that L&L — L is a central extension. To see the universality,
given a central extension p: M — L, we pick a section in Set s: L — M. We define now
amap f: L x L — M by f(z,y) = [s(x), s(y)]. Doing the same trick as in Proposition [4.14]
we see that is a Lie-Rinehart pairing, so it can be extended to L ® L — M. It is easy to see
that the map vanishes in the elements of the additional relation. Since L is perfect, we saw

in Lemma [£.7(b) that this map is unique. O
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