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Second-Order Theories

A second-order signature is a pair (€2, a) where 2 is a set (of
operations) and a :  — N* is an (arity) map.

Operation: w € Arity: a(w) = (n1,...,nk)



Contexts

Contexts: z1,...
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Contexts

Contexts: 1,...,Zp =1

Cartesian Contexts

- nkt
Weakening;: n+ir ¢
- n+1HFt
Contraction: n F t{z,/Tni1}
Exchange: e

n+2 F t{xni2/Tnt1, Tng1/Tnyo}



Contexts

Contexts: 1,...,Zp =1

Linear Contexts

n+2 kFt
n+2 F t{xni2/Tnt1, Tng1/Tnyo}

Exchange:



Terms-in-context

Cartesian Terms:

1<i<n
Q"l‘i
[l 78

n+n ¢ ... n+ng

n Fw(ty,... ty) a(w) = (n,...



Terms-in-context

Cartesian Terms:

1<:<n
n -
n+ny F ¢t ... n+ng F ¢ a(w)_(n
n I—w(tl,...,tk) o Ly
Linear Terms:
1F T
miq (o tl my = tk

)



Single-variables substitution

Cartesian Substitution:

n+1*Ft¢ nku
n b t{u/znp}

Linear Substitution:

n+1Ft mkE u
n+m F t{u/Tp41}




The Category of Contexts

Category of Contexts: Category for models:
(C,®,1,b) C = Set®
For C:
Objects: contexts
Morphisms: context renamings
Tensor ®: pairings
Monoidal unit I: empty context
Symmetry b exchange operation

Each A € C induces the endofunctor —® A: C — C



Symmetric Monads and Endofunctors

A symmetric monoid in a (non-symmetric) monoidal category is
a quadruple (M, c,w, s) where M is an object and

c: MM —->M,w:I—>Mands: MM — M ® M are
morphisms with
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Symmetric Monads and Endofunctors

A symmetric monad is a quadruple (7, i1, 77,<) where T' is an
endofunctor and p: 7% — T, n:id — T and ¢ : T? — T? are
natural transformations with
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Symmetric Monads and Endofunctors

A symmetric endofunctor is a pair (7', <) where 7' is an
endofunctor and ¢ : T2 — T2 is a natural transformation
with
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Category for models

Category for Models: C = Set®

Objects: X (A) is the set of terms for X in context A

C is a topos = C complete and cocomplete

(C, x,1) cartesian monoidal (C,+,0) cocartesian monoidal

C is cartesian closed with — x X - (=)¥



Day Convolution

The Day convolution is induced as the left Kan extension of
YV(-®—):CxC — Calong Y x Y given by the coend formula

B1,B2eC
(XEY)(A) = / C(B1 @ B, A) x X(B1) x Y(By)

Monoidal unit: Y(I)
Linear exponential: —®X 4 X —o —

Models pairings of presheafs



Context Extension &

For each context A € C:

COP — Y s

(—®A)° LQ(SADR

cop
04(X)(B) = X(B® A)

54 is a linear exponential: L = —QY(A) = 64 2 Y(A) — —
§ 4 monoidal for x and 4, but not &

04 is a symmetric endofunctor



Strong Symmetric Monads
A strong endofunctor F' has

strap: F(A)®B — F(A® B)



Strong Symmetric Monads
A strong monad (T, u,n) has
strap:T(A)®B—T(A® B)
with

T2(A)® B8 T(T(A) @ BY 81240 B)  AeB

] b

T(A)® B T(A®B) T(A)®B 3 T(A® B)

str



Strong Symmetric Monads
A strong symmetric monad (7, u,n,<) has
strap:T(A)®B—T(A® B)
with

T2(A)® B8 T(T(A) @ BY 81240 B)  AeB

] b

T(A)® B T(A®B) T(A)®B 3 T(A® B)

str

T2(A) ® B *5 T(T(A) @ B) S5'T2(A  B)

o I

T?(A)® B o T(T(A) @ B), — Tt T?(A® B)

str



Strong Symmetric Monads
A strong symmetric endofunctor (7', <) has
strap:T(A)®B—T(A® B)

with

T2(A) ® B 5 T(T(A) © B) “'T2(A © B)

- I

2 2
TAA)® B 5 T(T(A)® B) 5 T%(A® B)



Symmetric Distributive Laws

A distributive law between an endofunctor S and a monad
(T, p,m) is a natural transformation

7: T8 —= ST
with

128 X0 per T, g2

S
Msl lS (w) ’ﬂsl \S(j)

Ts » ST TS —— ST




Symmetric Distributive Laws

A symmetric distributive law between an endofunctor .S and a
symmetric monad (7', 4, ,<) is a natural transformation

7:TS — ST
with
128 X0 per T, g72 S
S
Msl lS(u) ’ﬂsl \(:7)
Ts — » ST TS —— ST
125 L0 por T, g72

Csl |5

TS —— TST —— ST?
() T



Symmetric Distributive Laws

A symmetric transformation between an endofunctor S and a
symmetric endofunctor (7',<) is a natural transformation

7: T8 —= ST

with

28 IO, pgr T, 972

<sl |5

TS —— TST —— ST?
() T



Generalised Parameterised Structural Recursion

For endofunctors F' and F’ and initial F-algebra o : F(A) — A
and for some endofunctor G with right adjoint , and natural
transformation ¢ : GF — F'G, there exists a unique k, with



The Cartesian Case

Category of Contexts: F = Skel(FinSet)
Objects: n={1,...,n}

Morphisms: all maps

. . . 1d
[F is strict cocartesian : n —2s n + 1 ¢—= 1

Atomic morphism:

s = [newy,oldy] : 2 — 2
w=oldg:0—1
c=[idy,ids] 12 = 1



The Cartesian Case

Category for models: Object classifier topos: F = Set"
Day convolution is cartesian: ® = x
01 is a symmetric monad written (4, up, cont, swap)

Signature endofunctor:

sx)=J] [] #x):F—=F

we n;ca(w)

¥ is strong: str: (X)) xY — 3(X xY)

¥, has swapping: swap : 6%(X) = Yo(X)



The Cartesian Case
¥ algebra: a:X(X) - X
a:D(X) X — X

R CANN
Y—Alg T F
F

0:N(TX)>TX « X

where [0, 0] : X + X(TX) — TX intial X + ¥(—)-algebra



The Cartesian Case
¥ algebra: a:X(X) - X
a:D(X) X — X

R CANN
Y—Alg T F
F

0:N(TX) 5 TX « X
where [0, 0] : X + X(TX) — TX intial X + ¥(—)-algebra
Presheaf of variables: V = Y(1)

Model of Abstract Syntax: ¢ : X(TV) - TV



Subsitution Algebra

A substitution algebra is a triple (X, o,v) where X € F,
0:0(X)xX — X and v:1— §(X) with

IxX2X XxXOBhX §2(X) x 1 i » 02(X)
UX idl / up y xid / lidx v contl
5.(X) ES(X) 52(X) x 6(X) =5 654(X) 2 5(x

F8L(X) x X~ 26(X) x X S wx (x) 2 v (x)

S(a)xia Ja

Ys(X) z X
where X4(X) = 0(X) x X




Subsitution Algebra

A substitution algebra is a triple (X, o,v) where X € F,
0:0(X)xX — X and v:1— §(X) with

IxX2X XxXOBhX §2(X) x 1 i » 02(X)
UX idl / up y xid / lidx v contl
5.(X) ZS(X) 52(X) x 6(X) =5 654(X) 2 5(x

F8L(X) x X~ 26(X) x X S wx (x) 2 v (x)

S(a)xia Ja

Ys(X) z X
where X4(X) = 0(X) x X

SubstAlg = Law



Subsitution Algebra

A substitution algebra is a triple (X, o,v) where X € F,
0:0(X)xX — X and v:1— §(X) with

IxX2X XxXOBhX §2(X) x 1 i » 02(X)
UX idl / up y xid / lidx v contl
5.(X) ZS(X) 52(X) x 6(X) =5 654(X) 2 5(x

F8L(X) x X~ 26(X) x X S wx (x) 2 v (x)

S(a)xia Ja

¥s(X) z X
where X4(X) = 0(X) x X

SubstAlg = Law

¥(TV) — TV has induced substitution algebra



The Linear Case

Category of Contexts: B = Core(Finset)

Objects: n={1,...,n}

Morphisms: all bijections

B is symmetric monoidal

Category for models: Combinatorial Species: B = Set®
1 is a symmetric endofunctor written (0, swap)

Signature endofunctor:
X)) =11 & (x)
w€e n;ca(w)

Model for Abstract Syntax: ¢ : 3(TV) - TV  for V = Y(1)



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)

Derived endofunctor: ¥/ : B2 —» B



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)

Derived endofunctor: ¥/ : B2 —» B

5(X)®X



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)

Derived endofunctor: ¥/ : B2 —» B

J(0(X)®X)



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)

Derived endofunctor: ¥/ : B2 —» B

50(X)X + 6(X)®5(X)



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)

Derived endofunctor: ¥/ : B2 —» B

§0(X)X + 6(X)®5(X)



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)

Derived endofunctor: ¥/ : B2 —» B

S(Y)RX +6(X)Y



The Linear Case
Leibniz isomorphism: §(A®B) = §(A)®B + A®6(B)
Derived endofunctor: ¥/ : B2 — B

S(Y)RX +6(X)Y

¥ has swapping: swap : 0%(X) = ¥/ (X,0(X))

3 is strong: str: B(X,Y)®Z — ¥(X,Y®RZ)



Linear Substitution Algebra

A linear substitution algebra is a triple (X, o, v) where X € B,

0:8(X)®X — X and v: I — §(X) with

IoX — 5 X

] 7

S(X)&X
S(X)OX =5 TU(X,6(X)EX S 5 (X, 5(X)HX) UL

6(U)®idl
(X)X :




Linear Substitution Algebra

A linear substitution algebra is a triple (X, o, v) where X € B,

0:8(X)®X — X and v: I — §(X) with

IoX — 5 X

] 7

S(X)®X
SRUX)EX =5 UX,5(X)EX =5 3 (X, §(X)ox) =Ly
6(a)®idl
(X)X o

LinSubstAlg = SymOp



Linear Substitution Algebra

A linear substitution algebra is a triple (X, o, v) where X € B,
0:8(X)®X — X and v: I — §(X) with

IoX — 5 X

] 7

S(X)&X
S(X)OX =5 TU(X,6(X)EX S 5 (X, 5(X)HX) UL

6(a)®idl lodro'

(X)X : X

LinSubstAlg = SymOp

Y(TV) — TV has induced linear substitution algebra



