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Weak ω-categories (Batanin, Leinster)

0-cells 1-cells 2-cells · · ·

· · ·

Our weak ω-categories will be globular sets

equipped with extra structure
encoded by a monad Twk.
We should have {strict ω-cats} ⊂ {weak ω-cats}, or equivalently a monad map
α : Twk → Tst.

Definition

Twk is the initial cartesian monad over Tst with contraction.

i.e. Twk is the universal monad equipped with a lifting operation

∂Gn TwkX

Gn TstX

∀

αX

∀

∃
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Identity and binary composition

Let (X, ξ : TwkX → X) be a weak ω-category and x ∈ Xn−1.
We can define 1x ∈ Xn by

∂Gn TwkX X

Gn TstX

(ηwk(x),ηwk(x))

αX

ξ

identity on ηst(x)

Similarly, given n-cells x
f−→ y

g−→ z, we can define gf ∈ Xn using

∂Gn TwkX X

Gn TstX

(ηwk(x),ηwk(z))

αX

ξ

ηst(g)ηst(f)

Slogan

A weak ω-category has “all” the operations that a strict ω-category has,

including what one usually think of as relations

.
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Operations encoding (higher) unit law

There are operations that take a 1-cell f : x → y as input and spit out:

x

x

x

y x

x

x

y

1x f

1x f

f

ρf

ρ̌f

1x f

1x f

1f1x

x

x

y

1x f

f

ρ̌fx

x

y

1x f

f

ρfx x y
1x f

etc.

All these cells except for the first are coinductive equivalences.

Slogan

A weak ω-category has “all” the operations that a strict ω-category has,
including what one usually think of as relations.

The fun/tricky part is correctly identifying what operations one needs in a
given situation.
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Weak equivalences

A weak equivalence F : X → Y should be a Twk-algebra morphism that is

essentially surjective on objects, and

fully faithful.

More explicitly,

[∀y ∈ Y0] [∃x ∈ X0] Fx ∼ y

(i.e. ∃coinductive equivalence Fx → Y ) and

[∀x, x′ ∈ X0] the induced map X(x, x′) → Y (Fx, Fx′) is
a weak equivalence.

Definition

A weak equivalence F : X → Y is a Twk-algebra morphism that is essentially
surjective on each level.

Theorem (Fujii-Hoshino-M.)

The class of weak equivalences enjoys the 2-out-of-3 property.
That is, if any two of F,G and GF are weak equivalences then so is the third.
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2-out-of-3 property

The proof of the strict case (Lafont-Métayer-Worytkiewicz) generalises to the
weak case smoothly

except:

Lemma

For a coinductive equivalence e : x′ → x, the whiskering map

(−) ∗ e : X(x, y) → X(x′, y)

is essentially surjective on each level.

which is proved by reducing to the special case:

Lemma

The whiskering map
(−) ∗ 1x : X(x, y) → X(x, y)

is essentially surjective on each level.

The latter is still non-trivial for weak ω-categories!
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Essential surjectivity on 1-cells

Given u : f ∗ 1x → g ∗ 1x, want v : f → g s.t. v ∗ 1x ∼ u.

x

x

x

y

1x f

1x g

u

x
1x

f

g

ρ̌f

ρg

f

g

ρ̌f

ρg

x

x

1x f

1x g

ρf

ρ̌g

v = ∼
?∃

x

x

x

y

1x f

1x g

u

f

g

ρ̌f

ρg

x

x

1x f

1x g

ρf

ρ̌g

f g

f ∗ 1x g ∗ 1x

 

ρ̌f

 ∗ 1x

ρf“naturality”
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Essential surjectivity on 2-cells
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Last slide

The general case is proven by

systematically adjusting the boundary dimension by dimension, and

exhibiting suitable naturality of this adjusting

using lots and lots of operations!

Preprint: https://arxiv.org/pdf/2406.13240

Other selling points:

Instead of the cylinders used in the proof of the strict case
(Lafont-Métayer-Worytkiewicz), we focus on whiskerings.
We think this makes the proof more conceptual.

We also extend our result to weak ω-functors (in the sense of Garner).

Thank you!
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