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Background and motivation

Mathematical quantization via internalization;
» Finding noncommutative generalizations of mathematical structures;
» Applications: description of quantum phenomena;
» Example: quantum cpos model quantum computing;

Connections with fuzzification;

Categorical generalizations of Rel;

Categorical axiomatizations of various (dagger) categories.
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Operator algebras

@ Algebras of continuous linear operators on Hilbert space H,

e B(H) = {all continuous linear operators on H};
@ Isomorphic to My(C) if dimH = d.
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Operator algebras

Algebras of continuous linear operators on Hilbert space H,

B(H) = {all continuous linear operators on H};
Isomorphic to My(C) if dimH = d.
My4(C) represents qudits;
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Algebras of continuous linear operators on Hilbert space H,
B(H) = {all continuous linear operators on H};

Isomorphic to My(C) if dimH = d.

My4(C) represents qudits;

Operator algebras represent quantum systems;

Commutative operator algebras represent classical systems;

C(X) = {f : X — C continuous function} for some compact
Hausdorff space X is a commutative unital C*-algebra;
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Operator algebras

Algebras of continuous linear operators on Hilbert space H,
B(H) = {all continuous linear operators on H};

Isomorphic to My(C) if dimH = d.

My4(C) represents qudits;

Operator algebras represent quantum systems;

Commutative operator algebras represent classical systems;

C(X) = {f : X — C continuous function} for some compact
Hausdorff space X is a commutative unital C*-algebra;

Theorem (Gelfand duality)

The functor C : CptHd°® — ComCStary, X — C(X) extends to an
equivalence of categories.
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Operator algebras

Algebras of continuous linear operators on Hilbert space H,
B(H) = {all continuous linear operators on H};

Isomorphic to My(C) if dimH = d.

My4(C) represents qudits;

Operator algebras represent quantum systems;

Commutative operator algebras represent classical systems;

C(X) = {f : X — C continuous function} for some compact
Hausdorff space X is a commutative unital C*-algebra;

Theorem (Gelfand duality)

The functor C : CptHd°® — ComCStary, X — C(X) extends to an
equivalence of categories.

@ Unital C*-algebras = noncommutative compact Hausdorff spaces.
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The program of noncommutative mathematics

@ Describing quantum phenomena in terms of operator algebras;

o Mathematical quantization: generalizing mathematical structures to
the operator-algebraic setting;

e Example: Unital C*-algebras = noncommutative compact Hausdorff
spaces;

. quantization
o Classical system ————— quantum system;
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The program of noncommutative mathematics

Describing quantum phenomena in terms of operator algebras;

o Mathematical quantization: generalizing mathematical structures to
the operator-algebraic setting;

e Example: Unital C*-algebras = noncommutative compact Hausdorff
spaces;

. quantization
Classical system ——— quantum system;

Quantization yields natural models;
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The program of noncommutative mathematics

@ Describing quantum phenomena in terms of operator algebras;

o Mathematical quantization: generalizing mathematical structures to
the operator-algebraic setting;

e Example: Unital C*-algebras = noncommutative compact Hausdorff
spaces;

o Classical system w quantum system;

@ Quantization yields natural models;

@ Prime example: Connes' noncommutative standard model.
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Noncommutative dictionary

Mathematical structure

Noncommutative generalization

Locally compact Hausdorff spaces
Compact Hausdorff spaces
Connected component
Measure spaces
Riemannian manifolds
Compact groups
Banach spaces
Graphs
Sets

C*-algebras
Unital C*-algebras
Projections
Von Neumann algebras
Spectral triples
Compact matrix quantum groups
Operator spaces
Operator systems
Sums of matrix algebras
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Noncommutative sets

e Noncommutative sets: (possibly infinite) sums of matrix algebras;
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Noncommutative sets

e Noncommutative sets: (possibly infinite) sums of matrix algebras;

@ Called hereditarily atomic von Neumann algebras;

@ Determined by sets of finite-dimensional Hilbert spaces, called
quantum sets;

6/21

Gejza Jenka, Bert Lindenhovius (STU, JKU) Semicartesian categories of relations CT2024



Noncommutative sets
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@ Called hereditarily atomic von Neumann algebras;

@ Determined by sets of finite-dimensional Hilbert spaces, called
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@ Normal unital *-homomorphisms generalize functions;
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Noncommutative sets

e Noncommutative sets: (possibly infinite) sums of matrix algebras;

@ Called hereditarily atomic von Neumann algebras;

@ Determined by sets of finite-dimensional Hilbert spaces, called
quantum sets;

@ Normal unital *-homomorphisms generalize functions;

e gSet := WStar;], is noncommutative generalization of Set.
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Quantum (Grothendieck) topoi?

Theorem (Kornell)

The category qSet
© is complete and cocomplete,
@ s semicartesian closed:;

© has, for each pair of morphisms f;: Y — X1 and f: Y — X5, at most
one morphism making the left diagram below commute,

@ and has, for every monic Z — X, a unique ‘“classical” morphism from
X to the coproduct | & | making the right diagram below into a
pullback square:

Y Z—— 1
I J:jz
X syl
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Internal relations
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Gejza Jen&a, Bert Lindenhovius (STU, JKU) Semicartesian categories of relations



Internal relations

@ Structures based on sets and relations;

@ Noncommutative relations = 777

Gejza Jen&a, Bert Lindenhovius (STU, JKU) Semicartesian categories of relations



Internal relations

@ Structures based on sets and relations;
@ Noncommutative relations = 777

@ Internal relations A — B often defined as subobjects of A x B;
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Internal relations

Structures based on sets and relations;

Noncommutative relations = 777

Internal relations A — B often defined as subobjects of A x B;
Categories with a good calculus of relations:
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Internal relations

Structures based on sets and relations;

Noncommutative relations = 777

Internal relations A — B often defined as subobjects of A x B;
Categories with a good calculus of relations:

» Topoi;

» Regular categories
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Structures based on sets and relations;

Noncommutative relations = 777

Internal relations A — B often defined as subobjects of A x B;
Categories with a good calculus of relations:

» Topoi;
» Regular categories

Associated categories of relations:
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Internal relations

Structures based on sets and relations;

Noncommutative relations = 777

Internal relations A — B often defined as subobjects of A x B;
Categories with a good calculus of relations:

» Topoi;
» Regular categories

Associated categories of relations:

> (Power) allegories;
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Internal relations

Structures based on sets and relations;

Noncommutative relations = 777

Internal relations A — B often defined as subobjects of A x B;
Categories with a good calculus of relations:

» Topoi;
» Regular categories

Associated categories of relations:

> (Power) allegories;
» Bicategories of relations;
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Internal relations

Structures based on sets and relations;

Noncommutative relations = 777

Internal relations A — B often defined as subobjects of A x B;
Categories with a good calculus of relations:

» Topoi;
» Regular categories

Associated categories of relations:

» (Power) allegories;
» Bicategories of relations;

The relevant product ® on gSet is semicartesian, not cartesian.
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Internal relations

@ Structures based on sets and relations;
@ Noncommutative relations = 777
@ Internal relations A — B often defined as subobjects of A x B;
o Categories with a good calculus of relations:
» Topoi;
» Regular categories
@ Associated categories of relations:
» (Power) allegories;
» Bicategories of relations;
@ The relevant product ® on qSet is semicartesian, not cartesian.
@ Subobjects of A® B don't yield a relevant calculus of relations.
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Quantum relations

o Kuperberg & Weaver: quantization of metric spaces (2010);
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Quantum relations

o Kuperberg & Weaver: quantization of metric spaces (2010);

@ Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;
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Quantum relations

o Kuperberg & Weaver: quantization of metric spaces (2010);
@ Underlying notion: certain bimodules between von Neumann algebras

called quantum relations;

o Noncommutative generalization of ordinary relations.
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Quantum relations

o Kuperberg & Weaver: quantization of metric spaces (2010);

@ Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;

@ Noncommutative generalization of ordinary relations.

@ WRel forms a dagger quantaloid,;
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Quantum relations

Kuperberg & Weaver: quantization of metric spaces (2010);
Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;

Noncommutative generalization of ordinary relations.

WRel forms a dagger quantaloid;
Kornell: qRel := WRely;p is a dagger compact quantaloid;
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Quantum relations

Kuperberg & Weaver: quantization of metric spaces (2010);
Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;

Noncommutative generalization of ordinary relations.

WRel forms a dagger quantaloid;
Kornell: qRel := WRely;p is a dagger compact quantaloid;

Definition
In a dagger quantaloid R, a morphism f : X — Y is called a map if
fTOf > idx and f o fT Sidy.
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Quantum relations

Kuperberg & Weaver: quantization of metric spaces (2010);
Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;

Noncommutative generalization of ordinary relations.

WRel forms a dagger quantaloid;
Kornell: qRel := WRely;p is a dagger compact quantaloid;

Definition
In a dagger quantaloid R, a morphism f : X — Y is called a map if
fTOf > idx and f o fT Sidy.

e gSet = Maps(qRel);
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Quantum relations

Kuperberg & Weaver: quantization of metric spaces (2010);
Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;

Noncommutative generalization of ordinary relations.

WRel forms a dagger quantaloid;
Kornell: qRel := WRely;p is a dagger compact quantaloid;

Definition
In a dagger quantaloid R, a morphism f : X — Y is called a map if
f-TOf > idx and f o fT Sidy.

e gSet = Maps(qRel);

@ qRel is neither an allegory nor a bicategory of relations;
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Quantum relations

Kuperberg & Weaver: quantization of metric spaces (2010);
Underlying notion: certain bimodules between von Neumann algebras
called quantum relations;

Noncommutative generalization of ordinary relations.

WRel forms a dagger quantaloid;
Kornell: qRel := WRely;p is a dagger compact quantaloid;

Definition
In a dagger quantaloid R, a morphism f : X — Y is called a map if
fTOfZidX and f-Of'Jr Sidy.

e gSet = Maps(qRel);

@ qRel is neither an allegory nor a bicategory of relations;

@ gSet and qRel form a framed bicategory.
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Discrete quantization
Definition

Discrete quantization of mathematical structures is the process of
internalizing these structures in qRel.
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Discrete quantization

Definition

Discrete quantization of mathematical structures is the process of
internalizing these structures in qRel.

Example

A morphism r : X — X in a dagger quantaloid is called:
o reflexive if idx < r;
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Discrete quantization

Definition

Discrete quantization of mathematical structures is the process of
internalizing these structures in qRel.

Example

A morphism r : X — X in a dagger quantaloid is called:
o reflexive if idx < r;

@ transitive if ror <r;
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Discrete quantization

Definition

Discrete quantization of mathematical structures is the process of
internalizing these structures in qRel.

Example

A morphism r : X — X in a dagger quantaloid is called:
o reflexive if idx < r;
@ transitive if ror < r;

o symmetric if rf = r;
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Discrete quantization

Definition
Discrete quantization of mathematical structures is the process of
internalizing these structures in qRel.

Example

A morphism r : X — X in a dagger quantaloid is called:
o reflexive if idx < r;
@ transitive if ror < r;
o symmetric if rf = r;

e antisymmetric if r A rf <idy.
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Discrete quantization

Definition
Discrete quantization of mathematical structures is the process of
internalizing these structures in qRel.

Example

A morphism r : X — X in a dagger quantaloid is called:
o reflexive if idx < r;
@ transitive if ror < r;
o symmetric if rf = r;

e antisymmetric if r A rf <idy.

Definition
A quantum relation on a quantum set is called a preorder if it is reflexive,
and transitive.
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Problems and guidelines

Problems:

@ Quantization (and internalization) # algorithmic process;
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e Quantization (and internalization) # algorithmic process;
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Problems and guidelines

Problems:
e Quantization (and internalization) # algorithmic process;
@ Bifurcations

Guidelines:

@ Given a structure consider its associated category C;
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Problems and guidelines

Problems:
e Quantization (and internalization) # algorithmic process;
@ Bifurcations

Guidelines:

@ Given a structure consider its associated category C;

@ Form a category qC of quantized structures;
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Problems and guidelines

Problems:
e Quantization (and internalization) # algorithmic process;
o Bifurcations
Guidelines:
@ Given a structure consider its associated category C;
@ Form a category qC of quantized structures;

@ qC should have similar categorical properties as C;
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Problems and guidelines

Problems:
e Quantization (and internalization) # algorithmic process;
@ Bifurcations
Guidelines:
@ Given a structure consider its associated category C;
Form a category qC of quantized structures;

o
@ qC should have similar categorical properties as C;
°

Grounding: qC should be enriched over C.
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Problems and guidelines

Problems:
e Quantization (and internalization) # algorithmic process;
@ Bifurcations
Guidelines:
@ Given a structure consider its associated category C;
Form a category qC of quantized structures;

o
@ qC should have similar categorical properties as C;
o

Grounding: qC should be enriched over C.
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Problems and guidelines

Problems:
e Quantization (and internalization) # algorithmic process;
@ Bifurcations
Guidelines:
@ Given a structure consider its associated category C;
@ Form a category qC of quantized structures;
@ qC should have similar categorical properties as C;
@ Grounding: qC should be enriched over C.

Example (Kornell, L., Mislove)

The category qPreOrd of preordered quantum sets is complete,
cocomplete, symmetric monoidal closed, and PreOrd-enriched.
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Quantizing theories

@ Theorems on structures in C often generalize to structures in qC;
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Quantizing theories

@ Theorems on structures in C often generalize to structures in qC;

@ Proof strategies:
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Quantizing theories

@ Theorems on structures in C often generalize to structures in qC;

@ Proof strategies:
» Hilbert space techniques;
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Quantizing theories

@ Theorems on structures in C often generalize to structures in qC;

@ Proof strategies:
» Hilbert space techniques;
» Translation of classical proofs in terms of dagger compact quantaloid
structure of Rel.

Gejza Jenka, Bert Lindenhovius (STU, JKU) Semicartesian categories of relations CT2024 12/21



Quantizing theories

@ Theorems on structures in C often generalize to structures in qC;
@ Proof strategies:

» Hilbert space techniques;
» Translation of classical proofs in terms of dagger compact quantaloid
structure of Rel.

o Compare: category V-Rel of V-valued binary relations between sets
for a unital commutative quantale V/;
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Quantizing theories

@ Theorems on structures in C often generalize to structures in qC;
@ Proof strategies:

» Hilbert space techniques;
» Translation of classical proofs in terms of dagger compact quantaloid
structure of Rel.

o Compare: category V-Rel of V-valued binary relations between sets
for a unital commutative quantale V/;

@ Fuzzification = internalization in V-Rel ?
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Quantizing theories

Theorems on structures in C often generalize to structures in qC;

Proof strategies:

» Hilbert space techniques;
» Translation of classical proofs in terms of dagger compact quantaloid
structure of Rel.

Compare: category V-Rel of V-valued binary relations between sets
for a unital commutative quantale V/;

Fuzzification = internalization in V-Rel ?

Dagger compact quantaloids form a unifying setting.
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Example: Quantum suplattices

Theorem (Kornell, L., Mislove)

There is a monad P on qSet that can be regarded as the quantum
equivalent of the power set monad.
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Example: Quantum suplattices

Theorem (Kornell, L., Mislove)

There is a monad P on qSet that can be regarded as the quantum
equivalent of the power set monad.

Theorem

There is a monad D on qPreOrd that can be regarded as the quantum
equivalent of the lower set monad.
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Theorem (Kornell, L., Mislove)

There is a monad P on qSet that can be regarded as the quantum
equivalent of the power set monad.

Theorem

There is a monad D on qPreOrd that can be regarded as the quantum
equivalent of the lower set monad.

Definition

A quantum suplattice is an D-algebra.
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Example: Quantum suplattices

Theorem (Kornell, L., Mislove)

There is a monad P on qSet that can be regarded as the quantum
equivalent of the power set monad.

Theorem

There is a monad D on qPreOrd that can be regarded as the quantum
equivalent of the lower set monad.

Definition

A quantum suplattice is an D-algebra.

@ Several theorems (existence of Galois connections, Knaster-Tarski
Fixpoint Theorem) carry over to quantum suplattices;

@ Proofs entirely based on the categorical structure of qRel.
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Existence of monads

Theorem

Given:
e A symmetric monoidal closed category S with internal hom [—, —|;
@ A compact closed category R;
@ A strict monoidal functor J : S — R that is bijective on objects;

@ An object Q € S and a morphism c : JQQ — | such that
S(A,Q) — R(JA,I), f — co Jf is a bijection for each A € S.

Then J has a right adjoint whose action on objects is given by
X = [J7H(X"), Q).
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Existence of monads

Theorem

Given:
e A symmetric monoidal closed category S with internal hom [—, —|;
@ A compact closed category R;
@ A strict monoidal functor J : S — R that is bijective on objects;

@ An object Q € S and a morphism c : JQQ — | such that
S(A, Q) — R(JA,I), f — co Jf is a bijection for each A € S.

Then J has a right adjoint whose action on objects is given by
X = [J7H(X"), Q).

power set monad: S = Set, R = Rel,

quantum power set monad: S = qSet, R = qRel

lower set monad: S = PreOrd, R = MonRel,

quantum lower set monad: S = qPreOrd, R = qMonRel.
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Monotone relations

Definition

A monotone relation r: (X,Cx) — (Y,Cy) between preordered sets is a
relation r : X — Y such that Jy or = r = ro Jx.
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Monotone relations

Definition

A monotone relation r: (X,Cx) — (Y,Cy) between preordered sets is a
relation r : X — Y such that Jy or = r = ro Jx.

Theorem

The category MonRel of preordered sets and monotone relations is
compact closed.
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Monotone relations

Definition
A monotone relation r: (X,Cx) — (Y,Cy) between preordered sets is a
relation r : X — Y such that Jy or = r = ro Jx.

Theorem

The category MonRel of preordered sets and monotone relations is
compact closed.

Theorem

The category MonRel(R) of internal preordered sets and monotone
relations in a dagger compact quantaloid is compact closed.
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Monotone relations

Definition

A monotone relation r: (X,Cx) — (Y,Cy) between preordered sets is a

relation r : X — Y such that Jy or = r = ro Jx.

Theorem

The category MonRel of preordered sets and monotone relations is
compact closed.

Theorem

The category MonRel(R) of internal preordered sets and monotone
relations in a dagger compact quantaloid is compact closed.

Corollary
The category qMonRel := MonRel(qRel) is compact closed.
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Axiomatization programs

@ Understanding categorical structure qRel = understanding
discrete quantization;
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Axiomatization programs

@ Understanding categorical structure qRel = understanding
discrete quantization;

o Getting rid of Hilbert space arguments;
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@ Getting rid of Hilbert space arguments;
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Axiomatization programs

@ Understanding categorical structure qRel = understanding
discrete quantization;

@ Getting rid of Hilbert space arguments;

o qRel # allegory;

e gRel # bicategory of relations;
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Axiomatization programs

@ Understanding categorical structure qRel = understanding
discrete quantization;

Getting rid of Hilbert space arguments;
gRel # allegory;
gRel # bicategory of relations;

Proposal: new categorical notion of relations via dagger structures;
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Proposal: new categorical notion of relations via dagger structures;

Categorical characterization of qRel?
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Axiomatization programs

Understanding categorical structure gRel = understanding
discrete quantization;

Getting rid of Hilbert space arguments;

gRel # allegory;

gRel # bicategory of relations;

Proposal: new categorical notion of relations via dagger structures;

Categorical characterization of qRel?
Other categories characterized in terms of dagger categories:
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Axiomatization programs

Understanding categorical structure gRel = understanding
discrete quantization;

Getting rid of Hilbert space arguments;

gRel # allegory;

gRel # bicategory of relations;

Proposal: new categorical notion of relations via dagger structures;

Categorical characterization of qRel?
Other categories characterized in terms of dagger categories:
» Hilb (Heunen, Kornell);
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Axiomatization programs

Understanding categorical structure gRel = understanding
discrete quantization;

Getting rid of Hilbert space arguments;

gRel # allegory;

gRel # bicategory of relations;

Proposal: new categorical notion of relations via dagger structures;

Categorical characterization of qRel?
Other categories characterized in terms of dagger categories:

» Hilb (Heunen, Kornell);
> Rel (Kornell);
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Axiomatization programs

Understanding categorical structure gRel = understanding
discrete quantization;

Getting rid of Hilbert space arguments;

gRel # allegory;

gRel # bicategory of relations;

Proposal: new categorical notion of relations via dagger structures;

Categorical characterization of qRel?
Other categories characterized in terms of dagger categories:
» Hilb (Heunen, Kornell);

> Rel (Kornell);
» FdHilb (Di Meglio, Heunen);
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Axiomatization programs

@ Understanding categorical structure qRel = understanding
discrete quantization;

Getting rid of Hilbert space arguments;

gRel # allegory;

gRel # bicategory of relations;

Proposal: new categorical notion of relations via dagger structures;

Categorical characterization of qRel?

Other categories characterized in terms of dagger categories:
Hilb (Heunen, Kornell);

Rel (Kornell);

FdHilb (Di Meglio, Heunen);

Hilb<; (Heunen, Kornell, Van der Schaaf).

v

v vy
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Semicartesian categories of relations

Definition (Preliminary)

A dagger compact category R is called a semicartesian category of
relations if

(1) R has precisely two scalars;
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Semicartesian categories of relations

Definition (Preliminary)

A dagger compact category R is called a semicartesian category of
relations if

(1) R has precisely two scalars;

(2) R has small dagger biproducts;
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Semicartesian categories of relations

Definition (Preliminary)

A dagger compact category R is called a semicartesian category of
relations if

(1) R has precisely two scalars;
(2) R has small dagger biproducts;
(3) R has dagger kernels;
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Semicartesian categories of relations

Definition (Preliminary)

A dagger compact category R is called a semicartesian category of
relations if

(1) R has precisely two scalars;
(2) R has small dagger biproducts;
(3) R has dagger kernels;
(4)

4) For each X € R there is precisely one effect X — | with zero kernel.

v
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Semicartesian categories of relations

Definition (Preliminary)

A dagger compact category R is called a semicartesian category of
relations if
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(2) R has small dagger biproducts;
(3) R has dagger kernels;
(4)

4) For each X € R there is precisely one effect X — | with zero kernel.
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Semicartesian categories of relations

Definition (Preliminary)

A dagger compact category R is called a semicartesian category of
relations if

(1) R has precisely two scalars;
2

(2) R has small dagger biproducts;
(3) R has dagger kernels;
(4)

4) For each X € R there is precisely one effect X — | with zero kernel.

v

Theorem
e (1)-(2) = R is a quantaloid;
o (1)-(4) = homsets of R are complete orthomodular lattices;
o (1)-(4) = Maps(R) is semicartesian.
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Proof sketch

o Dagger biproducts = ‘sums’ of parallel morphisms:
ZaeA fa =Vo ®a€A fOé o A;
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Proof sketch

o Dagger biproducts = ‘sums’ of parallel morphisms:
ZaeA fa =Vo @aeA fOt ° A;
@ Compact closure = distributivity laws for sums;
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Proof sketch

o Dagger biproducts = ‘sums’ of parallel morphisms:
ZaeA fa =Vo GaaeA fOt ° A;
@ Compact closure = distributivity laws for sums;

@ Scalar condition = homsets become idempotent commutative
monoids = > =\/;
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Proof sketch

Dagger biproducts = ‘'sums’ of parallel morphisms:
ZaeA fa =Vo ®a€A fOé ° A;
Compact closure = distributivity laws for sums;

Scalar condition = homsets become idempotent commutative
monoids = > =\/;

Dagger kernels = KSub(X) is an orthomodular poset;
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Proof sketch

Dagger biproducts = ‘'sums’ of parallel morphisms:
ZaeA fo :=Vo EBaeA fo 0 A
Compact closure = distributivity laws for sums;

Scalar condition = homsets become idempotent commutative
monoids = > =\/;

Dagger kernels = KSub(X) is an orthomodular poset;

Dagger kernels —> any effect f : X — [ is of the form
f=eo ker(f)TL for some effect e : K — | with zero kernel.
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Proof sketch

Dagger biproducts = ‘'sums’ of parallel morphisms:
ZaeA fo :=Vo EBaeA fo 0 A
Compact closure = distributivity laws for sums;

Scalar condition = homsets become idempotent commutative
monoids = > =\/;

Dagger kernels = KSub(X) is an orthomodular poset;

Dagger kernels —> any effect f : X — [ is of the form
f=eo ker(f)TL for some effect e : K — | with zero kernel.

e Effect condition == order isomorphism KSub(X) — R(X,/);
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Proof sketch

o Dagger biproducts = ‘sums’ of parallel morphisms:
ZaeA fo :=Vo EBaeA fo 0 A
@ Compact closure = distributivity laws for sums;

@ Scalar condition = homsets become idempotent commutative
monoids = > =\/;
e Dagger kernels = KSub(X) is an orthomodular poset;

o Dagger kernels = any effect f : X — [ is of the form
f=eo ker(f)JrL for some effect e : K — | with zero kernel.

o Effect condition == order isomorphism KSub(X) — R(X,/);
e Compact closure = order isomorphism R(X, Y) — R(X ® Y*, /).
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Power objects
Definition

A dagger compact quantaloid R is said to have power objects if the
embedding Maps(R) — R has a right adjoint.
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Power objects
Definition

A dagger compact quantaloid R is said to have power objects if the
embedding Maps(R) — R has a right adjoint.

Example
@ Rel: power set monad;

@ gRel: quantum power set monad.
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Power objects

Definition

A dagger compact quantaloid R is said to have power objects if the
embedding Maps(R) — R has a right adjoint.

Example
@ Rel: power set monad;

@ gRel: quantum power set monad.

Theorem

A dagger compact category R with dagger biproducts, dagger kernels,
precisely two scalars, and unique zero kernel effects has power objects if

(a) Maps(R) is symmetric monoidal closed;
(b) R(X, 1) 2 Maps(R)(X, | & /).
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Power objects

Definition

A dagger compact quantaloid R is said to have power objects if the
embedding Maps(R) — R has a right adjoint.

Example
@ Rel: power set monad;

@ gRel: quantum power set monad.

Theorem

A dagger compact category R with dagger biproducts, dagger kernels,
precisely two scalars, and unique zero kernel effects has power objects if

(a) Maps(R) is symmetric monoidal closed;
(b) R(X, 1) 2 Maps(R)(X, | & /).

o (b) follows if p € Proj(X), ker(p) =0 = p > idx.
@ Power objects = monoidal closure of Maps(R) 7?77
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Conclusions

Quantization by internalization in gqRel;

@ Preliminary axioms for ‘semicartisian categories of relations’ based on
dagger structures;

o Examples: Rel and gRel;

@ Axioms imply existence quantaloid structure, orthomodular structure
of homsets;

@ Monoidal closure Maps(R) implies power objects;

@ Existence and theorems on quantum suplattices follow from abstract
principles.
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